Solutionnaire
Exercices récapitulatifs

Chapitre 4 (page254)

I. a) I=j5tcostdr

u= 5t dv = costdt
du=5dt y=sint

I =5tsint —5]sintdt
= 5tsint+ 5cost + C
= 5(tsint + cost) + C

b) I = sze%dx

u= x?2 dv=e3 dx
du=2xdx y= -3¢

I = -3x275 + 6j xe3 dx

u=x dv=e7 dx
du= dx v= -3¢

I =-3x%% + 6[-3xe% + 3je%de
= 3x2%5 — 18xe3 —54e3 +C

c) I = forcsecxdx

u = Arcsec x dv= xdx
2

du:;dx =2
xJx2 -1 2

x2 Arc secx 1
2

[=—""""

szrcsecx 1

w=x2-1)

T4
Z 1
_ Arc sec x l L C
2 2
2 2 _
_X Arc sec x _Nx 1 +C
2 2
d) I =Je~cosxdx
u= e~ dv =cos x dx
du=-e* dx y =sin x

[ =e*sinx + fe’x sin dx

u= e> dv = sin x dx
du= -e* dx V= -CcoS X
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[ =e*sinx + [-e’* COS X — fe’* CcoS xdx]
2] = e*sinx —e*cosx + C
e*sinx —e*cosx

= EMAT Y ¢
2

In2
e) 1= JT;]dy

u=1In%y dv=y?2dy

-1

du= ZIH}'(l)dy v=2_
y

I= i1n2y+2jln—ydy
32

y
u=1Iny dv=y?*dy
-1
duzldy y=2
y -1

= i y+ 2{7—1ny + fy'zdy}
y

y
=iln2y_m_2(l)+c
y y y

=i(ln2y+2lny+2)+C
y

fy I = Jxex cos x dx

u=x dv = e*cos x dx
du = dx v=Jexcosxdx

Calculons /, = Jex cos x dx

u=e* dv = cos x dx
du = e dx y=sinx

I, = e*sinx — J e sinx dx

u=e* dv = sin x dx
du = e* dx V= -COS X

I, = e*sinx — [—e" cosx + [ e cosxdx]
=e*sinx +e*cosx — I

O~
|

21, = e*sinx +e*cosx + C

e*sin x + e* cos x
I, =———""""7"+C,
) 2
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donc
e*sin x + e* cos x 1 .
1= x(—)—ff(e" sin x + e* cos x) dx
2 2
_ x(ex sin x + e* cosxj
2
1| e¥sinx —e*cosx ersinx+e*cosx
+ +C
2 2 2
Xe* sin x + xe* cos x — e~ sin x
1= +C
2
g I = stinxdx
u=x dv = sin x dx
du = dx V= -COS X

I = [xsinxdx
= -xcosx+Jcosxdx
-xcosx +sinx +C

zr

r
j;xsmxdx = (-xcosx + smx)
By 2

(-n L n) (7: (n’) . (n))
=|-—cos—+sin— |—|—=cos| — |+sin| —
2 2 2 2 2 2

=2

2. a) I=J(16+8cosx + cos? x)dx

= 16x + 8sinx + J cos? x dx

= 16x+851nx+jmdx

2
= 16x + 8sinx + X+ 302X | o
2" g

33x . sin 2x

=== +8sinx + +C
2
2 3
b) I:Jsec 0d9+'|'<:f)59 .1
tan 6 sinf@ sinf
u = tan 0
du = sec260d6

I= J.ldu+ JescOcot 0 do
u

= In|u| + (-csc@) + C

= ln‘tane‘ —cscf+C

c) I = f(1—2se:02)c+se:c4 x)dx

= x —2tanx + | sec? x sec? x dx
x—2tanx+f(1 + tan? x)sec? x dx
= x —2tanx + | sec? xdx + | tan? x sec? x dx

tan3 x
=x—-2tanx+tanx + ——+C (4 =tanx)

tan3 x
=x—tanx+T+C
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d) I = J(sin22)3dr

3
J‘(l - cos4t) d
2

%J(l —3cos4t + 3cos?4t — cos’4t)dt

- 1[:— 3sindt +3j1+ COSB 4y _ [ cosdr (1 - sin? 4t)dt}

8 4 2
= 1 t— 3sin 4t +§t+§&8l—f(cm4t—cos4mm 4t)dt}
8 4 2 2 8
1{ 3sindsr 3 3sin8¢ sindr  sin3 4z}
=—|t- +=r+ - + +C
8 4 2 16 4 12
i in3
7|:2_g 4t+3sm8t+sm 4t}+c
8L 2 16 12
e) I = ['sec? x (tan2x)2dx

= [sec3x (sec?x — 1)2dx

= fsec7xdx - ZJsec5xdx + fsec3xdx

_ [sec‘xtanx

ol

= w—zfsec5xdx+fsec3xdx
6 6

secdx tan x 7[sec3xtanx

6 6L 4

+%Jsec»‘xdx}— 2JsecS)cdx+ Jsec3xdx

+%fsec3xdx}+ Jsec3xdx

secoxtanx  7sec3xtanx 1
= - +=[sec3xdx
6 24
secoxtanx  7sec3xtanx N

6 24
1 secxtanx+ln‘secx+tanx‘
— +C
8 2

secoxtanx  7secdxtanx + sec x tan x +

6 24 16
In|sec x + tanx‘

16

+C

J(cosx + cosSx) dx

l ] (cos? x + 2cosS5x cos x + cos? Sx) dx

~

1 J‘(1+0052x (cos4x+cos6x) 1+c0510x)
— +2 + dx
T4 2 2 2

[ sin2x sin4x sinbx x sinle}
+ + + +=+ +C

2 4 4 6 2 20

1 ( sin2x sin4x sin6x  sin 10x)
=|x+ + + + +C
4 4 4 6 20

M~

g I = J tan2 x sec? x sec? x dx
= [tan2x (1 + tan2x) sec2 x dx
= f(tanzx sec? x + tan* x sec? x) dx
tan3x  tan’x
= +
3 5

+C
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tan? x tan5)7

4
J tan? x sec* x dx —( © I= J(1+4xz)z dx

0

1. .m T
(5 Z *3 5 5 an Z) -0 4x? = tan2 0
1 1 2x = tan O J1+ 4x?
3 5 dx = %se& 6deo 2
8
_75 6 = Arctan (2x) ‘ |
u? —16
1= J.uidu I = 4I;lsec29d9
3u (1+tan26)% 2
=2 20d
u* = 16sec? 0 Jsec“esec 046
u=4sec u =2[cos?6d6
du = 4secftan6dO W — 16 =2J.1+C0529d0
6= Arcsec(%) /\ .
— 0+ sin 20 L C
2
2sin 6 cos 6
2 = _—
J'\/16sec 60— 4sec€tan9d9 Arc tan 2x + > +C
4secO 2%
= Arctan2x + +C
= — an X
3J4t 2946 1+ 4x2
= 40— 1)d0 d) I=]/x7+6x+5dx=[J(x+3)7—4dx
3
:i(tan9—9)+C (x +3)? = 4sec?0
3 x+3=2sech “
_ 4 ~u*-16 u x =2secf-3 +
- 3( 4 —Amsec4j+C dx = 2secHtan6d6O x 3 f
_Nu2-16 —iArcsecf+C 9:Arcsec(x+3) /\ &
3 3 4 2
2
1
b) I =|———d
) J‘(1—2x2)§ * I = J/4sec?0 — 4 2secHtan 6 d6
e N =2-2[tan@sec 6 tan 6 d6
2x2 =sin2 0 =4[ tan? secHdO
X = —SIn = sec — 1)sec
\/15.(9 1 4] (sec2@ — 1)secOdo
) 2x =4[ (sec? 6 — sec 0) dO
dx = —=cos6db
secOtanf + In|sec O + tan O
, ;/E (ﬁ) ‘ :4{gec an r;‘sec an —lnsec@+tan9}+c
= Arcsin X M=oz
J I=2x = 2sec@tanf — 2In|secH + tan 6| + C
]:I%Lcosede _ o xt3 x+3)Vx2+6x+5 ol x+3 x/x2+6x+5 ‘C
(1-sin?0) V2 ~A5 2 2 2
:%j 1secos9d9 _ G rees x+3+\/x2+6x+5‘+c
]2 cOos* 2 2
= ——Isect0do
V2

l] )
= —Jsec20(1+ tan2 6)doO
NG

= —f sec? O + sec? B tan? 0) dO

\/_
——(ta 0+ tan’ 0]+C

-5 |
[Jl— 2x2 I(Jf;xz ] ]+ ¢

2x3

N 2x2 3J(1 — 2x2)3
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Y
4
y = 4sin? 0
dy = 8sinfcos0dO v

o s

= sin2 0

4=y

8sin O cos 6 dO

1
/=
'[4sin29\/1 —sin2 0
=2[cscOdo
= 2ln‘cs00— cotO‘ +C

A=y,

N
7_\/;_y +C

) 1:J'2sin9—3cosed9

1+ cos@

=2In

=2In

_ 2

2( 2u )_3(1 uj
_ 1+ u? 1+ u? 2
1= d
1—u? 1+ u?
1+ u?

_ 2
=J‘4u 3+ 3u du

1+ u?

Jl+u2 _3-[

4ln‘1+u2‘

u
1+

u

2
du+3j' “ 4
1+ u?

—3Amtanu+3j(
21n|1+ u2| -3 Arctanu + 3u — 3Arc tanu + C

1+ tanz(gj
2

1+ tanz(gj + 3tan(gj - 6[Q) +C
2 2 2

= 21n(1 + tan{%)) + 3tan (g) -30+C

=2In

=2In

1
I=[—~L 4
¢ J‘x\/«/x—4 !

x = 2sech

x = 16sec* 0
dx = 64sec*Otan 0 dO

7]

6= Arcsec(—
2

! )du+C
u? +1

+ 3tan (gj — 6 Arc tan (tan (g)) +C

a1

b)

EXERCICES RECAPITULATIFS

:_[ 64 sec* O tan 6
16sect O~/4sec2 6 — 4
_4J tan 0

2+/tan? 6
=2]d6
=20+C

4
= 2Arcsec(§)+€

J- 7t + 26
(t—2)3t+4)

742 _ A, B

_ _AGt+4)+B(-2)
—)3t+4) t-2 3t+4

(t-—2)3t+4)

Tt+26 =A@t +4)+ B(t—2)

si t=2, 40 = 10A, donc A =4
si t= ﬁ 20 _ -10 —~B, doncB=-5
3 3 3
I= idt+J‘ - dt
t—2 3t+4

- 41n\z_z\-§1n\3z+4\+c

dx

= J‘2x4+2x3—2x2—3x—2
X3+ x2 = 2x
En divisant, nous obtenons
2x4 4+2x3 -2x2 -3x -2 _ 2x2 -3x -2
x3 +x2—-2x x(x+2)(x=1)
-3%x-2 _A, B  C

x(x+2)x-1) x x+2 x-1

2x2 =3x-2=A(x+2)(x—1)+ Bx(x — 1) + Cx(x + 2)

six =0, 2=-2A, doncA=1
six=-2, 12 = 6B, donc B=2
six=1, -3=3C, donc C =-1
1
I:j2xdx+ —dx + dx +
-[x -[x J‘)c—l

=x2+1n\x\+21n\x+2\—1n\x—1\+c
6y +y* - 63
1=J‘7y Y dy
y* - 81
6y +y2—63 _ 6y’ + y> — 63
yt -8l (y =3y +3)(y* +9)
A B Cy+D
= + +
y=3 y+3 y2+9

6y3+y2—-63=A(y+3)2+9)+B(y-3)(*+9) +
(Cy+ D)y —=3)y+3)
=(A+B+C)y*+(B3A-3B+ D)y? +

(9A+9B -9C)y +(27A - 27B - 9D)
A+B+C=6 = A+B+C=6 ()
3A-3B+D=1 = 3A-3B+D=1 (2
9A+9B-9C=0 = A+B-C=0
27A-27B-9D=-63 = 3A-3B-D=-7 @

© 2009 Chenelitre Education inc.




d)

€)

EXERCICES RECAPITULATIFS

@-®.2D=8,donc D=4
O+®@.2A+2B=6 = A+B=3 (B
En posant D = 4 dans (2)

3A-3B+4=1 = A-B=-10®
®+®.24=2,doncA=1
En posant A = 1 dans B), 1 + B=3, donc B=2
@®-R).,2C=6,donc C=3

1 2 3y 4
I= dy + dy + dy + d
J‘y—3y Jy+3y J.y2+9y Jy2+9y

= 1n\y—3\+21n\y+3\+%1n(y2 +9)+%Amtan(%)+C

I:J‘10+2x2—7x3+9x N
xX3Q2x+5)

10+2x2-7x3+9x A B+£+ D
2x+5

x3(2x +5) x  xz X3
Ix3+2x24+9x + 10

= R2A+ D)x3+ (5A+2B)x2+ (5B +2C)x +5C
24+D=-7 QD
54+2B=2 (2
5B+2C=9 (®

5C =10 @, donc C=2
EnposantC=2dans®, SB+4=9, doncB=1

Enposant B=1dans (2), 5A+2=2, doncA=0
En posant A =0 dans 0), D=-7
1 2 -7
I—J.;dx+'|‘;dx+_[2x+5dx
=L Thpessi+c
x  x2 2
3
I:J‘3x +12x +1
(x% +4)?
3x3+12x+l=Ax+B Cx+ D
(x2 4+ 4)? X2 +4  (x2+4)y
3x3+12x+1=Ax3+ Bx2+ (4A+C)x+ (4B + D)
A=3
B=0

4A + C=12,ainsi4(3)+ C=12,donc C=0
4B+ D=1, ainsi4(0)+D =1, donc D=1

I= jx23i4dx+j(x2i4)2 dx=1,+1,
I, = %ln(x2 +4)+C, u=x>+4)
I, = Iﬁdx
x =2tan6
dx = 2sec?0dO 2+ 4 N
9=Arctan(%) A
2
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I :_[ 2sec? 0 46
2 ) (4 + 4tan2 )2

_ 2 [sec?0

T 167 sect 0

Z%JCOSZQdQ
:ljl+c0529d9
8 2

_ i(9+ sm2l9j_'_c2
16 2

= %(9-% sin@cos6) + C,

1 X X 2
= —| Arctan —j+ : +C
16( (2 N \/x2+4) :

do I = S In(x? +4)+iArctan(£)+L+C
2 16 2) " 8(x2 +4)

Iz_[ sin 6 46
c0s260 —7cosO +12

u=-cos 6

-du = sin 6 d6

=
u? —Tu+12

1 B 1 __A , B
W —Tu+12  u-3Nu-4) u-3 u-4
1= A(u—-4)+ Bu-73)
siu=4,1=B
siu=3,1=-A,doncA=-1

I=—J.[ ! + I ]du
u-3 u—4

=ln‘u—3‘—ln‘u—4‘+c
= ln‘cos@—3‘—ln‘cos@—4‘+€

1 32
) Iz_[ 3x24+3x+2 N
O(x+Dx2+1)
3x24+3x+2 __A Bx+C
x+Dx2+1)  x+1  x2+1

3x243x+2=(A+B)x*2+(B+C)x+(A+C)

A+B=3 (@
B+C=3 (©
A+C=2 ®

O-@ 4a-c=0 @
@+B® 24=2,doncA=1
EnposantAzldans@,1+B=3,d0ncB=2
EnposantAzldans@,1+C=2,d0ncC=1

3x2+3x+2 1 2x 1
x+Dx2+1) x+1 x2+1 x2+1

1 | |
1= ! dx+J. 2x dx+J. ! dx
0x+1 0x2+1 0x2+1
= ln‘x“LlH; +1n\x2+1H(1)+Amtanx\;
=(In2-Inl)+ (In2—1Inl) + (Arc tan 1 — Arc tan 0)

=22+ %
4
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X
5. a) I:Jﬁdx

i) Par parties

1

U=x dv=\/mdx
du = dx v=2Jx+1

I=2xJx+1-2]Jx+1dx
3
= 2xdx+ 1 —47\'(’63“)4&l

ii) Par changement de variable

t=x+1=>x=1r-1

dt = dx
-1
I=J.[7dt
1
:J\/?dz—_[fdz

:%t%—2ﬁ+C2

3
:27\’(’6;1)—2\/m+c2

iii) En i) 2x\/ﬁ—#+q =
m(2x3—4)+q

Enii)@—2M+C2=
\/ﬁ(z’“;“)wz

Les deux réponses sont identiques, ainsi C; = C,

b) I = Jsin3xcos2xdx

Premiere facon: par parties

u = sin3x dv = cos2x dx
du = 3cos3x dx y= sin2x
2
1= sin3xsin2x éfcos3xsin2xdx
2 2
u= cos3x dv = sin 2x dx
du= -3sin 3x dx p= Z€082x
2
= sin3xsin2x 3 -c0s 3x cos 2x B gjsin3x 082 dx}
2 2 2 2
1= sin3xsin2.x + écos’3uccos2x + 21
2 4 4
-5 sin3xsin2x  3cos3xcos2x
—1I= + +C,
4 2 4
-2sin3xsin 2x — 3 cos 3x cos 2x
I = S +C,

EXERCICES RECAPITULATIFS 107

Deuxieéme facon: a I’aide de I’identité
sin A cos B = %[sin(A — B) +sin(A + B)]

I= J‘%[sin (3x — 2x) + sin (3x + 21)] dx

= lfsinxdx+lfsin5xdx
2 2

_ -cosx cosSx e
2 10 ;

X
c) I=_[16_x2dx

Premiere facon: changement de variable

u=16-x2
du = -2xdx

11
I = EJ‘;du
= Linfu|+C
2
= iln\l6—x2\ +C
2

Deuxiéme fagon: par décomposition en une somme
de fractions partielles

X _ A + B
16-x2 4-x 4+4+x
x =A@+ x)+ B4 -x)

six=4, 4=8A, doncA=

six=-4, -4=8B, doncB=

1 -l
1= 2 gy + 2 ix
4—-x 4+x

=g - Lmja+a+c
2 2

YRR

- %(ln‘4—x‘+ln‘4+x‘)+c

=iln\16—x2\+C
2

Troisieéme facon: substitution trigonométrique

x =4sin@ 4
dx = 4cos0dO X
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= Iﬂ (4cos0)do
16

16sin” 0 u = cos 60
J sm@cos@ du = -6sin660 d6
(1 — sin2 9)
_Jsm@ = — -1 Ja - u2)2du
cos 6 192
= —ln‘cosQHCl = 1912J(1—2u2+u4)du
— 52
_-m\Lxm (a2
4 1920773 s
=-In(16 - x?)2 +1In4 + C, _ -cos60 N cos360  cos’ 60 +C
- - - 3
=ie- x|+ 192 288 960
d) 1 = [sin®36.cos’ 36 d6 e I_Sj.l—cosxdx
Premiere facon: Premiére facon : substitution trigonométrique
I = [sin’ 36 cos* 30 cos 30 d6
= J'sin® 36 (cos? 36)? cos 30 d6 N 1— w2 B
= [sin% 30 (1 — sin2 30)2 cos 36 dO u—tan( j cosx = 1+ u? e 1+ u? du
u = sin 360 2
du = 3cos36d6 =51t g,
- 1—u?
. 1+ u?
I==Jus(l-u2)d —s[L
3 Jus—uy2du SJuzdu
=lju5(1—2u2+u4)du =£+C
3 u !
=%J(u5—2u7+u9)du - -5 +C
X
6 8 0 tan(—)
_l(LﬂLﬂ‘)w 2
316 8 10
_ sin®36  sin®36 _ sin'®36 e Deuxieéme facon: conjugué
18 12 30 : 1=5j 1 (1+cosxjdx
Deuxiéme fagon (de facon analogue): 1—cosx \1+cosx
_ SJ' 14 cosx dx
I = Jcos’ 30 (1 — cos? 30)2 sin 30 dO sin2 x
= 5j( ,12 + C,Oszx)dx
U = cos 30 sin2x  sin2x
du = -3sin36d6 = SU csc2xdx + fcscxcotxdx]
= 5(-cotx —cscx) + C,
-1 =-5cotx —5cscx +C,
= —fu5(1 —u?)*du
1( 2u8 ulo) 6. a) I =[(5x2+8)Inxdx
= — =+ —|+C
306 8 10
-c0s®360  cosd30 cos!038 u=Inx dv= (5x2 +8)dx
=T T2z a0 1O 1 5
du= — dx p=2 gy
Troisieme fagon: X 3
I = [ (sin36cos 30)5 dO
. 5 3 3
=J'(5m69) do 1=(5i+8x)lnx—j[5i+8x)ldx
2 3 3 X
3
=Lfsin46esin69d9 =(5i+8x)lnx—§fx2dx—8jdx
32 3 3
= L= cos266)2 sin60.d6 :(EJFSX)]M_E_SHC
32 3 9
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b) I = [ sin2(56) cos* (56) sin (56) d6
= [(1 - cos?(50)) cos* (56) sin (560) d6

u = cos (56)
du = -5sin (560) d6

~
1]

%J(l —u?)u*du

iJu“du+lfuﬁdu
5 5

_ cos’(50)  cos’(56) C
35 25

o) I =[x2J4+x2 dx

x =2tan6
dx = 2sec20d6O X +4

X
0 = Arc tan (5) _A

I = [4tan20~/4 + 4 tan2 62 sec2 6 dO
=16/ tan2 0~/1 + tan? 0 sec2 6 d6
=16 tan2 @ sec3 6 dO
=16/ (sec2 6 — 1)sec? 0 dO
=16]sec50d6 — 16 sec’ 6 d6
_ l6[5&:030tan9

4
= 4sec’Otan @ — 4 [sec’ 0.d6

+ %Jse& QdG} —16Jsec3 646

=4sec30tan0—4{ >

secOtan O + ln‘secB+ tan9:|+ c

=4sec’Otan6 — 2secHtan b — 21n‘sec9+ tan@‘ +C

_ 4(\/mJ3X_ 2(@)%_

2 2 2
/12
21n‘x7+4+%
B xJ(x2 + 4)3 x\/x2+4 ‘\/m+x
4
d) I=IVA,IC secvdv
Vv —1
u= Arc secv dz= — v dv
v =1
du:%d\/ z= vz -1
viv? =1

=V 1 Arcsecv — j N dv
v =1

=/v?2—1Arcsecv — j—dv
v
=/v2—1Arcsecv —In|v|+C

+C

C

EXERCICES RECAPITULATIFS

3 2
e) 1=J5x +4x2+11lx+4

(x2+1)?
5x3+4x2+11x+4:Ax+B Cx+ D
(x2 +1)? x2+1 (2 +1)?

S5x34+4x2+1lx+4=Ax3+Bx2+(A+C)x+(B+ D)
A=5

B=4
A+C=11, ainsi5+C=11, doncC=6
B+D=4, ainsi4+ D=4, donc D=0
—'[ f 4 dx+_[ bx dx
x2+1 x2+1 (x2+1)?
:éln(x2+l)+4Arctanx— 3 +C
2 x2+1
HI=[—"——d=[—"—a

(x2 + 2x +10) [+ 1) + 9]

(x+1)=3tan6
x =3tanf — 1
dx = 3sec20d0O

0= Anctan(x;—l)

JxP+2x+ 10

@x+1)

(3tan 6 — 1)3sec? O

[9tan2 6 + 9]

_ 2
:l (3tan O — 1) sec 9d9

9 [tan20+ IF
_ 2
_ (3tan O — 1) sec 9d9
sec? 6
_ 7-[ 3tan 6 — 1
sec 6

tan 6 1
B -[5229 Ejsecede

= fjsinede—ljcosede
3 9

de

_ -cos 6 _ sin6 +C
3 9

_ 1 - (x+1) .
Vx242x 410 9/x2+2x+10

g 1= fe’(sint-kcost)dt

u=sint+ cost dv= e dt
du = (cost —sint)dt y=e¢!

I = (sint + cost)e’ — ,[e’(cos t —sint)dt

u=cost—sint dv=e'dt
du = (-sint — cost) dt y=e¢!

I = (sint + cost)e! — (cost —sint)e! — Jef(sint+ cost)dt
I = (sint + cost)e! —(cost —sint)e! — [

2] = e'sint + e’ cost —e'cost +e'sint + C,
I =e'sint+C
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hy I = jis“} */;\/tf‘ﬁ Ju g,

[ sec? v tan? ﬁ% "
u

= J.sec2 \/;(sec2 Ju - 1)%@

I
1% sec~u

sec Vu tan Vu

dv = —
2Vu

du

I=2[u2w? - 1)du
=2futdu -2 uldu
5 3
2L_2L+C
5 3
oS 3
_ 2se05\/; 3 2sec3\/3 +C

-

=sin0 X
dx = cos0do
6 = Arcsin x

=
|

(sin3 6 + sin 6)
(1 —sin2 6)2
(sin%2 6 + 1) cos @ §in6.do
cos*
(I—cos20+1)
cos?
_ J —cos26

cos? @

0s0do

sin@do

sin@do

2 u2 u = cosf
= (-du) du = -sin0d6

_j du—j—du

=mM+4;+C
u

=ln‘cose‘+ 1 +C
c

0s2 60

L ¢
— x2

=In/I1-x? +
1

_Jx4+x2+1
x3(x2 +4)
x*+x2+1 A B C Dx+E
R = S

X3(x2+4)  x x2 xP x2+4

xt+x2+1=(A+D)x* + (B+ E)x3+(4A+ C)x? +
4Bx + 4C

© 2009 Chenelitre Education inc.

(alcul intégral, 4 édition — Solutionnaire des exercices récapitulatifs et des problémes de synthése

A+D=1
B+E=0
4A+C=1

4B=0, doncB=0
4C =1, doncC=i

© ®OEO

En posant B =0 dans (2), 0+ E=0, donc E=0

1 1 3
En posant C=— dans (3),4A+ — =1,donc A= —
P 4 @ 4 16

EnposantA=% dans@,i—kD: l,doncD:%

31 B,
1= &dx+ idx+ 16 dx

x2+4
—1 |x \—L+3—ln(x2+4)+c
= J.xinx:\/_J x+1
N2x2 —6x+4 NVAx? —12x+ 8
:\/—J' x+1
J(@2x =3)2 -
4 N\
(2x —3) = secO
_ 3+ secO
2 T
d = €€ 92tan9 40 (2x—=3) TA
=
0 = Arcsec2x —3) | )
S J 1

(3 + sec + 1)
IzﬁJ 2 sec@tan@de

Jsec26—1 2
\/— ‘[ (5 + sec6) sec O tan 6 d6O
tan @

= £szec@dG+ \/_fseczede
sf V2

1n‘sec9+tan9‘+Ttan9+C

- 5{ In|2x - 3)+ J2x - 32 — 1]+
%«/(2){—3)2 “1+C

) I= J‘Mdg

2+ sin@

u= tan(g) 0= 2Arctanu

2u 6= 2u
1+ u? 1+ u?

du




Calcul intégral, 4 édition — Solutionnaire des exercices récapitulatifs et des problémes de synthése EXERCICES RECAPITULATIFS

’_ 2u
I = #Ldu
P BT
1+ u?
-"2+2u2 2
2+2u2+2u 1+ u?
:2_[ ur —u+1
(u? +u+ 1)1+ u?)
ur —u+1 _ _Au+B +Cu+D
W +u+DA+u?) u2+u+l u? +1

du

> —u+1=A+Cu’+(B+C+Du’+

(A+C+ Du+(B+ D)

O) A+C=0
® B+Cc+D=1
® A+C+D=-1

B+D=1
@-® Cc=0

En posant C =0 dans (1),A=0
En posant A=0et C=0 dans 3), D =-1
En posant D = -1 dans @), B— 1 =1, donc B=2

Izzj[ z :|du
uw>+u+l wu?+1

I I
_4j( 1)2 du—2ju2+1du
u+ | +
2

- 16I;du—2Arctanu+C
Qu+1)2+3

16 \/3

e

W

2u+1

V3

2tan(£)+1
zngmtan 2 -60+C

—2Arctanu + C
3 2

V3
m) I = [ew cos bx dx
ye pur dv = cos bx dx
e aee ,— sin bx
b
exsinbx a -
J = E3MOX A gin by dx
b b
e oo dv = sin bx dx
du = ae® dx V= M
b
I = e% sin bx _ g|:_eax cos bx + Ejeaf" cos bx dx:l
b bl b b
€% sin bx ae® cos bx a’
1= + 2
b b? b2

2 ax Qi ax
I(l+a—): be® sin bx + ae® cos bx G
b? b?
_ e (acos bx + bsin bx) i C
a?> +b?
n) I = [axsinbxdx
u= ax dv = sin bx dx
du= adx y= -cos bx
b
I=M+gfcosbxdx
b b
-axcosbx  asinbx
= + +C
b b?
o) I= J‘i(ZeX D
(er = 2)2
u=e*-2=e'=u+?2
du = e*dx :>dx=idu= ! du
er u+2

I=J(2(u+2)+l) 1 du:I w+5
u? (u+2) u(u + 2)

2u+5 A B C

s =ty

Ww+2) u oud u+?2
2u+5=(A+QCu?>+R2A+ Bu+2B
@ A+C=0
@ 24+B=2
® 2B = 5,donc B =

3
2
En posant B = % dans @), A =

M~M~

-1
En posant A = 1 dans @), C =

;1 S 1
I=|%du+ |2du+ |—*—du
u u? u+2

= Dinful- 2+ L+ 2+ c
4 2u 4

_ -Infer -2 5 . In (e*) +C
4 2er —2) 4

_ﬁ_ln\eX—Z\_ 5

T4 4 2er - 2)

18l _
—5_[3;du (u=x%2-1)

1
= —(In8—-1n3
2(n n3)
“3u(2)
2 3
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1
b) j %dx = J.l#dx
0x3 +3x2+3x+1 0(x+1)3

21
_J.lﬁdu (w=x+1)

2M2 1
_3
8
¢) I = J(Arcsinx)2dx
u = (Arcsin x)? dv=dx
du= 2Arcsmxdx V= x
V1 - x?
. x Arcsin x
I = X(AI’C smx)2 - 2J‘ﬁdx
- X
. X
u= Arcsin x dv = ﬁdx
-Xx
du = ;dx v=-1—-x2
V1= x?

I = x(Arcsin x)? — 2[-(Arc sin x)</1 — x2 + Jldx]
= x(Arcsin x)? + 2+/1 — x% Arcsinx — 2x + C

du (u = sin6)

d) Iz_[ cos

1
——df = | —F———
sin@+/1 + sin? J.u\/l+u2

u = tan @ Jie+ 1
du =sec2pdo u
¢ = Arctanu

J‘ _ sectgp
tan @ /1 + tan? ¢
sec?
- -[tanqosg::(pd
= fcsupd(p
= ln‘cscq)—cot(pHC

ZIH‘LHZ_;
u

+C

V1+5sin26 —1 +C

sin @

=ln‘

e) I = Jln—tdt

u=lInt dv=—dx

du= ~dx v= 2+t

© 2009 Chenelitre Education inc.

g I=

I=2Jine-2[r* ar
=2Jilnr -4Vt +C
ot jln—’dt_ (it —47)| = 4In4 -4

dx

:'[ x2+2x+1 __[ (x+1)2
(2 + 2x +4) (O + 102 +3)?
x+1=\/§tan9

dx = \/§sec2 0do

0=

Arctan(x

+1)
3

=

= J3tan29 \/gsecze
(3tan2 6 + 3)%
I tan? 0 sec? 0

sec? 6

_ Itanze
sec @
_ Isecze—l
sec O
= [secHdB - [cos6dO

= 1n‘sec€+ tan@‘ —sinf + C,

do

X+

1

—1n \/x2+2x+4+x+1_ +
NG 2+ 2x+4

:ln‘m+x+l‘—

I5

sin x

+ sin x)?2

x+1

VxZ+2x+4

+C

(alcul intégral, 4 édition — Solutionnaire des exercices récapitulatifs et des problémes de synthése

x+1)

(x] . 2u
u = tan| — sinx =
2

1+ u?

dx =

1+ u?

2u
1+ u?

2

I =

1+

:4-"(
:4-"(

=4In

=4In

=41In

1+ u?
u

u

———du
u+1)32
1
:4-[ VV
1
:4“;

2

M+£+C
v

|+ 1]+

3)
1+ tan| =
2

dv — J.Ldv

+

3 du
2u ) 1+ u?

T —— 7 1 /)
u? +2u+1)2

+C

4

1 + tan (ij
2

+C

dv (v=u+l=u=v-1

}

(u+1)



Calcul intégral, 4 édition — Solutionnaire des exercices récapitulatifs et des problémes de synthése

2u—4du

0 2

u=2+\/§
1

du = —=dy

- 2]34 du - 4‘[:%du

dy = 2\/;du

4 4
= 2ul} — 41nlul] dy = 20 - 2) du

= 2+4]n(§)
4

3 _ Q42
i) 2x3 —8x2+9x+1 . (x+1)
(x —2)? (x —2)?
=2x+ A + B
(x=2) (x-2)?
=2x+ ! + 3
(x=2) (x-2)
J‘12x3—8x2+9x+1
== = —dx
0 (x —2)2
1 1] 1 1
=2J. xdx+J dx+3j dx
0 0(x—-2) 0 (x —2)2
— e -2 - —3
* ‘0 ‘x HO (x—=2) 0
=§—1n2
2
. 16x*
S et
x = sinf
dx = cos6do 1 N
0 = Arcsin x
el
1 —x
sin* 6 cos 0
I =16 ————d6
J\/I—sinZB
=16]sin*0d6
= 16{7_31119“)3‘9 + éfsinZBdH}
4 4

= 4sin? O cos 6 + 12{W+%Jd9}

=-4sin36cosO — 6sinBcosO + 660 + C
=-4x3/1— x2 —6x+/1— x2 + 6 Arcsinx + C

k) I = jcos\/;dx=2fzcoszdz (z=\/;etdx=22dz)

dv = coszdz
y =sinz

U=z
du = dz

1= 2[zsinz—fsinzdz]
= 2(zsinz +cosz)+ C

= 2[\/;sin\/;+cos\/;]+c
) [ A —dr =2 W - du
0r+1 !

2 u=~rt+1

t=u?-1
1 dt = 2udu

13

EXERCICES RECAPITULATIFS

X
m) [ = —— dx
) Jl\/ax+b
1
U= x dv= dx
ax+b
du = dx V= zim
a
1= 2NOED 2 byt
a a
_ 2xJax+b 4 J(ax + b)? +C
a 3a?
n) [ = jsinaxcosbxdx
u = sin ax dv = cos bx dx
du = acosax dx v=M
b
I:w—ﬁfcosaxsinbxdx
b b
U= cosax dv = sin bx dx
du = -asin ax dx V= ~cos bx
b
J = sinax sinbx g[—cosax cosbx g,fsinax 05 b dx]
b b b b
sinaxsinbx acosaxcosbx = a?
= + +—1
b b? b2
a? sinaxsinbx  acosax cosbx
-—|= + +C
b? b b2
b sin ax sin bx + a cos ax cos bx
1= +C
b2 — a2
0) 1= J‘;dx
4sinx — 3cosx
(x) 1—u?
u = tan| — COS X =
2 1+ u?
sinx = 2u dx = 2 du
+u 1+ u?
1=7 5 1 ] A 2 3 du
4( u )_3( —u) +u
1+ u? 1+ u?
r=14f 1
8u — 3 + 3u?
1 B 1 __ A B
3u2+8u—-3 QBu—-Dw+3) 3u-1 wu+3

1= Aw+3)+ BGu—1)

En posantu = -3, B = -1
10

En posant u = l, A= 3
3 10
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(alcul intégral, 4 édition — Solutionnaire des exercices récapitulatifs et des problémes de synthése

) 1 i) 7 =/x°(nx)*dx (formule iv))
[=14 3;(31du+Jul+03du 1:%-%”9@@30&
In|3u — 1 1n\u+3q x10(In x)* 2[x10(1nx)3 3 }
- 14 _ +C = ——Jx" nx)%dx
[ 10 10 10 5 10 10 (Inx)
3u—1 x%nx)*  x%(nx)> 3 4 )
=—In|—— = - + = d.
In u+3 +C 10 25 25J-X (lnx) X
X _ x(nx)* _ x'(nx)}
| 3tan ) 1 c 10 25
=—mnl———+ 3 x'o(lnx)2 2
tan(gj+3 2—5[710 —fo"(lnx)dx
_ x0nx)*  x¥9(nx)*  3x9(nx)>
8. a) i) Jx"cosxdx 10 25 250
B B %jx%ln x)dx
U= xr dv= cos.xdx Onx)*  x00nx)3  3x10(nx)>
du = nx"'dx V= sin x = - _
10 25 250
3 | x19(Inx) 1
Jxn cosxdx = x7sinx — n [x" sin x dx E[ 0 ijgdx}
i) [xn sin x dx _ x0(nx)*  x!1°(0nx)3 + 3x%(nx)?  3x'°(nx)
10 25 250 1250
u=x" dv =sin x dx 3x10 C
du = nx"" dx V= -coSx 12 500
i)/ = [tan*(5x)dx  (formule iii))
n gy — _yn n—1 3
fx sin x dx X cosx+nfx cos x dx /= tan (Sx)—ftanz(Sx)dx
iii) J tan"(ax) dx = [ tan"2(ax) tan2(ax) dx 5(3)
= Jtan"-2(ax) (sec(ax) — 1) dx _ tan’(Sx) _ [tan (5x) fldx}
= [tan"2(ax) sec2(ax)dx — | tan"2(ax) dx 15 5
= lfu"*%iu - Jtan"*z(ax) dx (u = tan (ax)) = tani;Sx) - tanéSx) +x+C
a
_1 ”"711 — [ tan"2(ax) dx iv) I = [tan’ (4x) dx
an-— tan*(4x)
n-1 [ = =" _ [tan®(4x)dx
- )y i
_ tan*(4x) tan2(4x)
iv) Jxk(Inx)"dx, od k # -1 T [ 42 [ tan (4x) dx
tan“ (4 tan2 (4 In|cos4x
u= (Inxy dv =xkdx BT R | J e
du= T B
X k+1 9. a) i) I =]x2Ja2 —xZdx
L xk(nx) n . x = asin@ a
[x*(n x) dx_ﬁ—kJrlfx’f(lnx) 'dx, dx = acos0do x
ol k # -1 9=Arcsin(£j
. . a /)
b) i) 1= ]x3sinxdx P

I =-x*cosx +3Jx2cosxdx (deii))
-x3cosx + 3[x2 sinx — 2 Jx sinxdx] (de 1))
-x3 cos x + 3x2 sin x — 6 [x sin x dx

-x3cosx + 3x2sinx — 6[—xcosx + Jcosxdx] (de ii))
= -x3cosx + 3x?sinx + 6xcosx — 6sinx + C
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I =[a?sin?0~a? — a®sin? 0 acosHd6
a* [sin2 0 cos? 6 d6

= g* [sin2 6(1 —sin26)de

= a*[[sin26d6 — [sin* 646 |

_ a4{ -sin @ cos 0 +%Ide}—

2

_qin3
[ Oeosf 3 ede}} .
4 4

4{_—sin9cost9 9:|
=a - 4+ 2=

2 2

[-sin3 Ocosf® 3 (-sin@cos@ Hﬂ
+ = +=||p+C
4 4 2 2

4)sin®BcosO sln@cos@ 0
- 4 s TsftC

JJ1(x ’ a? — x? 1(x a? — x?
SR 71 V9 B e B ) | G
lAncsin(ij +C
8 a
\/a2 PR N
?Amsin(£)+c
a

4
= %(sz —a’)Na? - x* + %Arcsin(ﬁ) +C
a

i) 1= [x2/x2=a? dx

x =asech
dx—asec@tan@de N
0= Arcsec

I = [a?sec?0~/a?sec? 6 — a2 asec 6 tan 0 dO
= a* [sec3 Otan2 6 d6
= a* [sec3 O (sec2 0 —1)dO
=a* D sec’ 0dO — [ sec3 9d9]

3
=a* [(w + %fse& Qde) — Jsec? BdO}

4
=a* [7&%3 ftanf _ leec3 Bde}
4 4
=a4[sec30tan9_
4
1(sec9tan9+lnsec€+tan9)]
— +C,
4 2
_ a*sec’ftan® a*secOtan
4 8
a* ln‘sec9+tan9‘
8 1
zﬁ(zfivxz—az_ﬂ(z]i\/xz-az_
4 \a a 8 \a a
4 2_ 2
4 plt g Y —an +C,
8 a a

EXERCICES RECAPITULATIFS

m m
gln‘x+ M‘+ C
= %(sz ~ a2 - a? -
%ln‘x +Jx—a|+C

i) =

J‘\/x2 + a?
———dx
x

x = atan6
dx = asec20do X+

0 = Arctan (3) A

/2 tan2 2 2
I:J‘ a?tan? 0 + a? asec edO

a?tan2 0

_ J‘ sec3 9
tan? 9
_ _[ sec 6 sec? 0
tan? 6
2
_ Jsec@ (1+ tanZ 0) 46
tan2 6
2
_J sece J’secetan Gde
tan2 9 tan2 0
fcsc@cot9d0+ fsec@d@

= cscG+ln‘secG+ tane‘ +C,

_ 2 2 2 2
Valta? N ta? | x
X

+C,

a a

Jx2 2
=X7+a+ln‘\/x2+a2 +x‘+C
X
22 — 12
R
X

iv) 1

X = asinf
dx = acos6do x

0 = Arcsin (ﬁ)
a

2 _ 42 qn2
IZJ\/a a?sin?2 0 acos6

a?sin? 6

/aZ _XZ

de

_ '[ cos2 0

sin2 0
Jeot26dO
= [(csc20 - 1)do
=-cotf—-0+C

Jar = 2
=M—Amsin(£J+C
X a
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v) I = _[(xz - az)%dx

x = asecl
dx = asec@tan@d@

Jx - a-
6= Arcsec
/A

1= I(az sec2 6 — az)%a secOtan 6 dO
= a“"'(ta.n2 0)% sec O tan 6 dO
a* J'secOtan* 0 d6
a* [sec O (sec2 6 — 1)2dO
a* Jsec@(sec4 0 —2secH+1)do
= a*{Jsec30d6 - 2 [ sec’ 0d6 + [ sec 0 d6}

at sec3 O tan O
4

+%fsec39d9—2fsec39d9+

1n‘sec@+ tane‘}

at {sec3 6tan 6

—éjsec30d0+ln‘se00tan0‘}
4 4

4 4 2

IH‘S609+ tane} +C,

3
a4{sec itan@ - SseCZtane +§ln‘sec(9+ tan@‘}+Cl

L))

[v2 _ 2
3lnx+xa}+q
8 la a
4

= %(2)62 —5a*)\/x? - a? +%ln‘x+\/x2 —a2‘+C

/<2 2
Vi)I=J‘x7+adx
X

x =atan6

dx = asec?0d6 vta

6 = Arct 1)

an(a /)
2 2 2

I:J\/a tan2 6 + a

atan @

asec20dO
sec? 0
sec 9 sec2 9

=a[ e
J. tan 6
aJ‘ secO (tan2 0 + 1) 46

a

tan 6

a| [ sec 6 tan 0 d6 + j sec® de}
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4{sec3 Otan 5 {sec@tan0+lnsec9tan0}
a - +

(alcul intégral, 4 édition — Solutionnaire des exercices récapitulatifs et des problémes de synthése

= a[fsec@tan9d9+ fcscede]
= a[sec@— ln‘cs09+ cot@‘]+ C

{\/x2+a2 Jx2+az  a
=a —In + =

J+c

a X X
/y2 2
=,/x2+a2_alnu+c
X
— y2
b) i) Iziji\'sxdx
7 x2
Formule iv), ot a? = 5
S5 =2
Izﬂ—iArcsin(L)+C
7x 7 V5
2
i) Izjimdx
X

Formule vi), ou a2 = 4

2
21n M‘+C
X

x2+4

5
iii) 1 = L x2/x2 =9 dx
Formule ii), ot a2 = 9
5
= (1(2;@ —V/x2 -9 - %m\x +/x7 - 9\)
3

_205 81, .

2 3

iv) I = j;mczx

Formule v), ol ¢2 = 2

3
= (%(sz —10)vVx2 -2 +%ln‘x+ N 20
2

- 3ﬁ+%ln(3+ﬁ)+%—%ln(2+\/§)

. a) En posant (4 — x2)ex =0

2-x)2+x)er =0
nous obtenons x =-2 ou x = 2.
> fi=x->(4-x"2)*exp(x);

fi=x—> (4—-x2)e"

> with(plots):
> y:=plot(f(x),x=-2..2,color=orange):
> c:=plot(f(x),x=-2..2,filled=true,color=yellow):
> display(y,c);

8

4 f(x) = (4= x)er
-2 0 2

X

Calculons I = [(4 — x2)e* dx

dv = e*dx

V= e*

u= (4-x?)
du= -2xdx
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I=(4-x2)er +2[xerdx Calculons | 3sin’x dx = 3 [ sin?x sin x dx
=3](1 = cos? x)sin x dx
u=x dv= e dx = cosx = 3] -u?)du
du= dx v=e* o =3u+u*+C
-du = sin x dx
=-3cosx +cosx+C
= x x x T 2r
I=(4-x2er +2[xer - [ev dx] A= jo 3sin3xdx+j (0 — 3sin® x) dx

I =(4—-x2er +2xe* —2e*+C . .
= (-3cos x + €cos3 x) ‘0 + (3cosx — cos? x) ‘ﬂ

2
A= [ @-xeds = [(3CD + (1) = 3+ D]+[G =1~ (B¢D) - ()]

2
= [(4 = x2)ex + 2xer — 2¢] R =4+4
) =8u?
=[0+4e? —2e2] - [0 — 4e? — 2¢?]
_ (282 + % ) w2 Yerlﬁcatlon du résultat o .
¢ Plot1 Plot2 Plot3 WINDOW
- i A -
Vérification du résultat \Y1_abs (3(sin(X))"3 Xin=0
) o . \Y,= X, =6.2831854. . .
Plot1 Plot2 Plot3 WINDOW ws; $501f1_‘-157ﬂ7963. .
\Y B (4-X?) e (X) X, =2 Vs Yo,
= - 5 max
\Y= Xoa™ \Y,= Y, =1
\YB_ Xsc'\= Xsc'\=1
\Y4= me‘nz L U res )
\Y= Yoax— 19 I N
wsi I“‘f CALCULATE (v2=abs (3(sin (X)) "3 )
] J U res” ) 1:value
— ~ 2:zero
CALCULATE (V1=(4-X2) e (X) ) ‘3‘2;21$3m
; :Zlge 5:intersect
3:minimum d:i/dx Lower Limit?
4:maximum L i/ f(x)dx ) (xeo )
SfmterseCt (Y2=abs (3 (sin(X))"3 D
6:dy/dx L o
f‘f(X)dX X(jv_v;r Limit? p N
N DA . Y,
(Y1=(4-X2) e (X) h
e N
Upper Limit?
\X:ZT[ ) kjf(x)dx=8 )
Upper Limit? ¢) Soitx €[-1, 2].
| X=2 . ) Uf(x)dx=15.508124 )
En posant — =0
b . Nxt+1
) Soit x € [0, 27]. “0
En posant 3sin3 x = 0 nous trouvons x = 0.
nous obtenons sin x = 0 > f::X_>2>'sX/(XI\4+|)/\(|/2);
donc x=0,x=moux=2m. fi=x—>2 X
' Nxt+1

> fi=x->3%(sin(x))"3;

ith(pl :
fi=x — 3sin(x)? > with(plots)

> y:=plot(f(x),x=-1..2,color=orange):
> c:=plot(f(x),x=-1..2 filled=true,color=yellow):
> display(y,c);

> with(plots):
> y:=plot(f(x),x=0..2*Pi,color=orange):
> c:=plot(f(x),x=0..2*Pi,filled=true,color=yellow):

. _ 2
> display(y,c); 1_/\ f(x) = e
X

-1 1 2
X
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Calculons [ = J 74 T N fx) = (xz + 4)
x2 = tan@ x*t+ 1 - 0,05
2xdx = sec20d6 T
6 = Arctan x? ) -0,053 X
! 0,1
sec? 6 3
1= — A
J [tan2 0 + 1 Calculons I = -[(xZ Ty dx
= [sec0do
=ln‘sec€+ta.n9‘+C ¥ =2tand
zln\w/x4+1+xz\+c dx = 2sec?0d6 N i
2% 6= Arctan(%j
)
A=, ( T J e ;
,[ 8tan3 O 2sec? 040
( ln‘\/x4 +1 +x2m (ln‘\/x“ +1+ xz‘)‘ (4tan2 6 + 4)2 se¢

( (ln(1+\/_))) ( (\/—7"'4) 0) - 16 taneseczede

16 ct 6
=(ln(1+\/§)+ln(4+\/17))u2 ng39
Vérification du résultat cos &
- N 3 = [1=c8) g
Plot1 Plot2 Plot3 WINDOW cos@
\Y Babs (2X/ X,,=-1 1
(\(((_1+XA4) X =-J;du+Iudu U = cos
N e w2 -du = sin6 d6
e Yoo = -Inu| + -t c
\Y - Ymax=1 2
\Y:= xi:=1 - o6 In|cos 6]+ C
L J U J
s 2 N 2 - 2 i C
CALCULATE (Y1= abs (2X/V ((1+X"4) - 2 +4 n \/x2 14
1:value
2:zero 2 X3 Y
3:minimum A= 2.[0 Wi dx  (par symétrie)
4:maximum 2
5:intersect _ 2( 2 ln( 2 D
6:dy/dx Lower Limit? x2+4 Nxr+4 0
B[ f(x)dx X=-1
L J U J
(Y1=abs (2X/ ((1+X"4) ) =2 L ln(i) —(l— ln(l))
4 NG 2
= (ln 2 - l) u?
2
Vérification du résultat
Upper Limit? ( N h
X=2 Jf(x)dx=2.9762767 Plot1 Plot2 Plot3 WINDOW
. ) \Y Babs ((XA3) / X, =2
3 (X2+4) "2 Xmax=
d) En posant —>—— =0 \Y,= Xer=:9
(2 + 4)? \Yy= Yuin=" -2
nous trouvons x = 0. \Y,= Y= 2
\Y,= Y. =1
> fimx->xA3/(xA2+4)A2; \Ye= Xooe=T
x3 N\ AN J
=X —
f e - 5
. CALCULATE
> with(plots): 1:value - ~
> y:=plot(f(x),x=-2..2,color=orange): 2:zero
> c:=plot(f(x),x=-2..2 filled=true,color=yellow): 3:minimum
. 4:maximum
> displ ,C);
Isplay (y.c) 5:intersect
6:dy/dx
-ff( x) dx ) Ufe0dx=. 19318162 )
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Calcul intégral, 4 édition — Solutionnaire des exercices récapitulatifs et des problémes de synthése

e) Soitx € [-m, 7].

En posant e* sinx = 0
nous trouvons x = -7, x = 0 ou x = 7.
> fi=x->exp(x)*sin(x);
fi=x — e*sin(x)
> with(plots):
> y:=plot(f(x),x=-Pi..Pi,color=orange):
> c:=plot(f(x),x=-Pi..Pifilled=true,color=yellow):
> display(y,c);

6 f(x) = eXsinx

Calculons I = [ e~ sin x dx

u=e* dv = sin x dx
du = e* dx = -CcoS X

I = -e* cosx + | e* cos x dx

EXERCICES RECAPITULATIFS

x2

f) En posant

1-
N

nous trouvons x = -l ou x = 1.

> fi=x->(1-x22)/(x 2+ 1) (1/2);

1—x2
_f:: X > ——
Va2 +1
> with(plots):
> y:=plot(f(x),x=-1..1,color=orange):
> c:=plot(f(x),x=-1..1 filled=true,color=yellow):
> display(y,c);
08 _ | — x2
. f(x) Ny
-1 0 |
X
1—x2
Calculons | ———dx
J‘x/xz +1
X =tanf N
dx = sec20d6
6 = Arctan x ‘
1
) _ tan2
f I-x dxz'[ I-tan®6 sec20dO
NS Jtan26 + 1

u=e*

du = e* dx

dv =cos x dx
y=sin x

I = -e* cosx + e* sinx — | e* sin x dx
2] = -e*cosx + e*sinx + C,
e*(sinx — cos x)
2

I= +C

A

.[O (O — e* sin x) dx + '[0” e* sin x dx

-
(-e*‘(sin X — Cos x)j 0 + (el‘(sinx — oS x))
2
-

v

0

Vérification du résultat

e N
Plot1 Plot2 Plot3 WINDOW
\Y,Babs (e* (X)sin(X)) X,,="3.141592. ..
\Y,= X, =3.1415926. . .
\Y,= X,,=-78539816. ..
\Y4= Ymin=_2
\Y5= Ymax:8
\Y6= Ysc'\=2
XFES:1
. J
CALCULATE
1:value
2:zero
3:minimum
4 :maximum
5:intersect
6:dy/dx
kff(X)dX ) {Uf(x)dx=12.591953

= I(l —tan2 0)sec6doO

= [(sec O — tan2 O sec H) dO

= J(sec® — (sec? 6 — 1)sec ) dO
= [2sec0dO - [sec? 0dO

= 21n‘sec€+ tane‘ -

%[sec@tan0+ ln‘sec0+ tan0‘]+C

%ln‘\/xz +1 +x‘ - %x\/xz +1+C

A=2f 122 g
A= (3ln‘\/x2 +1+ x‘ — x/x2 + 1)‘
= (3ln(l+\/§)—\/§)u2

Vérification du résultat

1
0

p
Plot1 Plot2 Plot3
\Y,B(1-X2) /1 (1+X2)
\Y,=

-
N

o
I

A a N -
-

1:value s
2:zero

3:minimum
4:maximum
5:
6:

intersect
dy/dx
kff(x)dx

|Jf (x)dx=1.2299072
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g) > fi=x->x M*(1-x)2/(1+x12);
x4(1 = x)*

=X =
f x2+1
> with(plots):
> y:=plot(f(x),x=0..|,color=orange):
> c:=plot(f(x),x=0..1,filled=true,color=yellow):

> display(y,c);

0003
0,002 flx) = X0= 0"
x2 +1
0001
0

x4+l = x)4 _ x8 —4x7 4+ 6x° —4x5 + x4
x2+1 x2+1
=x0 —4x5 +5x* —4x2 +4 -

4
x2 +1

_ jl x4(1—x)4

x2+1

=f(x6—4x5+5x4—4x2+4— 4 jdx
0 x2+1

1
7 6

:(L—2i+x5 4i+4x—4Amtanxj
7 3 3

(3o
7

Vérification du résultat

0

e N
Plot1 Plot2 Plot3 WINDOW
\Y.B((X"4) (1-X)"4)/
(1+X?)

-.002

El
El

-

CALCULATE s

1:value
2:zero
3:minimum
4 :maximum
5:intersect
1dy/dx

kff(X)dX LI (x) dx=.00126449

~ e

h) > fi=x->x*sin(2*x);
fi=x — xsin(2x)
> with(plots):
> y:=plot(f(x),x=0..Pi/6,color=orange):
> c:=plot(f(x),x=0..Pi/6,filled=true,color=yellow):
> display(y,c,scaling=constrained);
0,4
0,3

f(x) = xsin(2x)

0,2
0,1
04

0.1 02 03 04 05
X

Calculons I = [xsin2xdx

© 2009 Chenelitre Education inc.

u=x dv = sin 2x dx
du = dx b= -cos2x
2
I=m+lfcos2xdx
2 2
_ —xc092x + sin2x +C
4
A= J‘“xsm2xdx
O T
_( -x cos 2x §1n2x)
4 0
T
-ﬂcos— sin —
:[ _31_9
4

= (7 - lj u?
8 24

Vérification du résultat

p
Plot1 Plot2 Plot3
\Y,BXsin (2X)

INDOW

min

(S

V]
o B
2%
1 .
N v
- O
o

o 3 =
s 3 =2
2 x5

—
=<
]

~

X < < <X XX

~
-
©
»

{1 | | I | [ R 1}
- . . .
- o -

-
-
.

-
:va]ue
1zero
rminimum
rmaximum
rintersect
tdy/dx
-ff( x) dx SF(x)dx=.07529217

O’U‘I-b(»)l\)—\

I1. a) dfp=lellf5
dt

[dP = [tetsdt

u=t dv= et dt
du=dt v= 157

P = 15te®s — 15[ eT5 dt
P = 15te7s — 225¢7 + C

Sit=0,P=20000
20 000 = -225 + C, donc C =20 225

d’ol P = 15teTs — 225¢7 + 20225

b) Sit=12, P = 20124 habitants
sit =24, P =20 893 habitants

12. a) fTP = kP(75000 — P)
t



Calcul intégral, 4 édition — Solutionnaire des exercices récapitulatifs et des problémes de synthése

j;———L———dP=ka
P(75000 — P)

1 A B

==+
P(75000 — P) P

75000 — P
_ A(75000 - P) + BP
P(75000 — P)

1 = A(75000 - P) + BP
1

75000
1

75000

siP=0, 1 =A(75000), doncA=

si P=75000, 1=B(75000), doncB=

1 1

J 75000 + 75000 dP = [kdr
P 75000 - P

1

75000

[In|P|-1n|75000 - P|| = kt + C

! In P =kt+C
75000 75000 — P

sit=0,P =150

Ainsi

150
In =C
75000 75000 — 150
donc C =

o (39
In| —
75000 499

.. P 1 1
Ainsi In =kt + In (—)
75000 (75 000 — P) 75000 499

m(—FP )= ht+ln(—lfj
75000 — P 499

sit=15, P=1500

ln——gﬂL—f=h0$+thJ
75000 - 1500 499

In (LJ = k/(15)+1n (L)
49 499
In (L) —1In (—1 )
k = 49 499

! 15
(499)
In| —
k = 49
15
In (@)
In P = 49 t+1In (L) (équation 1)
75000 — P 15 499

B
o[

P 1 M)

5

75000 — P 499 ©

En isolant P,
499

75000 ")
e 15
pP= 99 499
1 ln(j)l
l+——e 15
499
75000
“In @)/
49

1+499¢ 55

EXERCICES RECAPITULATIFS 121

(équation 2)

‘

1+499(i51j”
499

¢) Sit=30 dans I’équation 2, P = 12905 habitants
d) Si P =37500 dans I’équation 1,

(499
In| —

49)z+ln(])

. 37500 B
75000 — 37500 15 499

451n(417j

499
(499)

In| —
49

t =40,1541...

d’ou t = 40 jours
13. a) _ar_ _ k dt
P(1-P)

j;—l—fdP=ka
PA—P)

1 A B

PA-P) P 1-P
_ A(l-P)+ BP

~ P1-P)
1 = A(l - P)+ BP

siP=0,1=A
siP=1,1=8B

j(%+ljp}w=fkm

In|P|-In|l-P|=ki +C

1n( P )=k1+C
1-P

sit=0,P=0,20

In 0,20 =C,donc C =1In (l)
0,80 4

1n( P )=k1+ln(l)

1-P 4
sir=1,P=0,30

In 0,30 =k+ln(lj,donck:ln(£)

0,70 4 7

P )=ln(£)t+ln(lj

1-P 7 4

En posant P = 0,40 dans I’équation 1,
In 0,40 =1In (gjt +1In (l)
0,60 7 4
o2
_ 3
In (2)
7

d’ou t = 1,82 mois

donc ln( (équation 1)
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122 EXERCICES RECAPITULATIFS

b) En posant 7 = 3 dans 1’équation 1,

m(lfP):3m(¥)+m(

P 12\ 1
In =In||—=| —
1-P 7) 4
P _ 432
1-P 343
p=432_432
343 343
p(1+_ﬂ§E) _ 432
343) 343
_ 432 343
343 775

Elle peut espérer gagner ses élections, car P = 55,74 %

en sa faveur.

= 0,5574

(alcul intégral, 4 édition — Solutionnaire des exercices récapitulatifs et des problémes de synthése

C.V.

LP.

1
=

EP.

a)

©)

d)

X | R

€)

o

o

g

o

o

h)

i)

k)

X X

)

m)

n)

0) X

p)

Q) X

)]

s)

t) X

u)

>

w)

X) X

y)
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Solutionnaire
Problemes de synthese

Chapitre 4 (page257)

1. a) I =]x%dx = | x3x2e*dx

u=x dv = x2e*dx
er’

3

du =3x% dx V=

=25 _ [x2¥dx
3

3px3 X3
x-e e
= - +C
3 3

b) 1=jArCF/‘E\/— »

=2,[Arctanzdz (z—\/—:>

dx = 2dz)

NS

u=Arctanz dv=dz

1
1+ z2

du =

V=2

I:2|:zArctamz—J1_"_Z zdz:l
Z

= 2[zArctanz—%ln\l+zzﬂ+C
= 2/x Arctan/x — In|1 + x|+ C

c) I = JtanzetanG\/seCO de
= [(sec20 - 1) tan O /sec 6 d6
= Jiec%GtanOdO— J.sec%OtanedO

secgesecetanede— J.sec%BseCBtanedO
u2 du—_[lﬁdu (u = sec )

Il

ur —2us +C

sec> 6 — 2/secO + C

d) I=JeT+ede=[T+u2du (u=ev)

u = tan @ .
du = sec260d0 w+ 1
0 = Arctanu

I = J/1+ tan2 0 sec26d6
= [sec?0do
sec O tan 6 + ln‘sec9+ tane‘
= > +C

uu? +1 +ln‘u+\/u2+1‘ +C
2
e 11+ Iner + Ve 11)

= +C
2

e I=] 2 dr+ | sint_
1+ cost 1+ cost

1—cost 1
=2|——dt— |—du (u=1+cost
J sin? ¢ Ju ( )
:2fcsc2tdt—2fcsctcottdt—fldu
u
=-2cott+2csct — Inju|+C
=2csct—2cott—In(l+cost)+C

1+sin6
B 1 J2+cose
uztan(gj sinf = 2u
2 1+ u?
— 2
do = 2 du cos9:l u
1+ u? 1+ u?
2u
1+
I = M( 2 jdu
2+1_u2 1+ u?
1+ u?
2
:ZJ‘ u>+2u+1 ”
B+ u?)1+u?)
u? +2u+1 :Au+B+Cu+D
G+ u?)A+u?) 3+ u? 1+ u?
u? +2u+1
= (Au+ B)1 + u?) + (Cu + D)3 + u?)
=(A+Cwu+(B+Du?+(A+3C)u+(B+3D)
MA+C=0
@B+D=1 En résolvant, nous obtenons
®A+3C=2 A=-1,B=1,C=1etD=0.
@B+3D=1
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(VXS  PROBLEMES DE SYNTHESE Calcul intégral, 4 édition — Solutionnaire des exercices récapitulatifs et des problémes de synthése

1_2[”” }du
3+ u? 1+u2

| (ﬁtan9+§)£

1 sec? 6
I= S hnfi-ul+ S R B do
u 2 tan2 2
j du+2j +2f1+u2du Stan26+
2
(111(3“)) LAmn( j+ = infi-er]+ 2 Jtanedmfjde
J3 V3 3
o[ In(+u?) i C =iln‘1—e*’ +fln‘sec9‘+£0+c
) 3 3
1 2 -1 4u2+4u+
=In| £ )+ Arc tan +C ==In|l- e"+
(um NS 3 Inf1-e] P
3 2u+ 1
tan? +1 tan 4 —Arctan( j+cl
2 2 3 V3
+$Arctan \/5 +C 1 -\/Z
tanZ( ) —ln‘l—ex‘+—ln\/u2+u+l+—1n +
3 3 3003
1= —dy= L— \?Amm(zej/j]}rcl
g o rer ev(e? +1) Y 3
=I GRS *ln‘l—ex“#*ll’l e ter +1+
e +1
_J' 1 di (= ev) \/;Arctan(ze\/il)+c
u? +1 3
= Arctanu + C ) I= J‘sm2051n20
= Arctane? + C B cos? 0
2 _
) 1 :Jsm 0 (1 2gos 9)d9
h)I:J.IESde:J‘I Sdu (u=3) ecos
— ¥ —u | =J'sm2 de - Jsin2 6do
:j—du cos .
(1= u)(1+ u+u?) = Jtan20dO - [sin2 6.d6
En décomposant en une somme de fractions partielles, = [(sec20 —1)do — [M + 1 1 d@}
1 - A, BurC =tan9—9+7smecose—g+c
I-wd+u+u?) 1-u u>+u+l 2 2
1 lu+g =tan9+%—%+c
-3 ., 3 3
l-u uw?+u+l
1 1 1 u+2 . 8
I== du + — 7du I =|———du
3fl—u 3[( ) 3 D '[uleu—4
u+ +=
2) 4
Ve ~ u = 4sec?6
- du = 8sec? 0 tan 6 dO Vu Vi
u+—=-"tan6 Ju
2 2 6 = Arcsec — A
i - ’
du = ~sec? 0.d6 n 2
=
2u+1 a _ 8sec? Otan 6
- 1=28
o Arctan( 3 \J '[16sec40 Jdsec2 6 — 4
=2[cos20d6
:2[00s951n0+9}+c

\/2_ \/_ +Amse(2)
2\/—+Arcsec( MJ+C

2
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K) I =[Jex —1dx

Premiere facon:

u=+e —1 = e =ur+1
X 2
du=—%——dx = du=u+1dx
24/er —1 2u
[Ner —1dx = (uz eX—l)

u
=2j1- L S
u? +1

=2u — 2 Arctanu

+C

=2+Je* =1 —2Arctan~/ex =1 + C

Deuxieéme facon:

I_Jwe»—

u = sec?6
du = 2sec?6tan0d6O
0 = Arcsecu

= J'\/sec 60—
sec2 6
=2[tan26d6
=2[(sec20 - 1)d6
=2tanf -20+C

2 sec? 6 tan 6

JJ—

du (u=e)

Vau
/)

Vu—1

do

= 2\Ju — —2Arcser/;+C
= 2Je* — —2A1csec\/e_"+C

= J‘ 2x1Inx
1+ x2)?

)

— Zixdx
(1+x2)2

_ -1
(1+ x2)

-lnx J‘ 1
= + X
1+ x2 x(1+ x2)

1
x(1+ x2)

A Bx +C
X 1+ x2
1
X

-X

+
1+ x2

14 x2
_x’Inx In(1+ x2)
1+ x2 2

(carx > 0)

2. a) ]

PROBLEMES DE SYNTHESE 125

m) I = [</4+ 2x dx

u=4+2Jx = Jx =

1 u—4
du = —=dx = dx= du
Jx ( 2 )

I= J.\/;(%)du

= lJ.u%du - 2J.u%du

li— 2ﬁ+C
25 73
2 2
_Jar2vx)  afarada)
5 3

n) I = [(tan2x — tan x)e-*dx

Calculons d’abord J tan xe * dx.

dv = e*dx

Vv =-er

u = tanx
du = sec?xdx

[ tan xe-*dx = -e-* tan x + [ (sec? x)e- dx
=-e~tanx + | (tanx + De-*dx
= -evtanx + [ tan?xe ™ dx + [ evdx

Jtan2xe-xdx — [tanxe-*dx = e~ tanx — | e*dx

I =e¢~tanx+e*+C

— 1 'x
_Iﬁ(l—%)d

Premiere facon : substitution trigonométrique

Q/; =sin2 0 1
x = sin® 0
dx = 6sin 0 cos6dO

0= Arcsin(?/;)

5

S

_ ‘[ 65sin5 6 cos 0
sin3 6 (1 — sin2 0)
_ 6_[ sin2 0 cos 6
cos? 6

_ 6_[ sin29d0
cosf

— cos2

=6J'1 cos? 6
cos @

:6I(se09—cost9)d0

=6[ln‘sec0+tan0‘—sin0]+c1
1 x 6

=61 ~Ux|+cC

{HJI_%M_% ] 1

= 6|1+ ¥x|-6m[1-3x |- Yx + ¢

= 6In|1+x|-3m[1-Yx|-6Yx +

de

de
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Deuxieéme facon: changement de variable

du (u = x%)

I'= J.u3(1—u2)

of

En décomposant en une somme de fractions partielles,

_ It 1p_1
6[[(—1)du+2.[1_ d +2J‘1+udu}
=6[-u—lln\1—u\+11n\1+u\]+c2

2 2
=31n\1+2/—\—31n\1—2/5\—62/§+C2
-6Yx +C,

~3in
1-

\/_

COS X
by [=|—"P2
) '[sinx\/1+sinx

Premiere facon: changement de variable

=J1+ sinx)

= u2—1du (u
1 -l
=2f|—2—+—2_|au
u—1 u+l
=Inju—1|-Inlu+1/+C

=1n‘«/1+sinx—l‘+c
JT+sinx +1]

Deuxiéme fagon: substitution trigonométrique

dx

1 .
I =|———du u = sinx
'[u\/1+u ¢ )

u = tan2 0 T+u Va
du = 2tan0sec?0d6
9=Arctan\/; e

2
I:J 2tan O sec? O

tanz 0~/1 + tan? 6

_ ZJ‘ sec9
tan@

=2[cscHdd
= 21n‘cs09— cotO‘ +C,

I INETI

+C,

Ju o

Vl+sinx —1
/sin x

=2In +C,

© 2009 Chenelitre Education inc.
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3. a) (xz—x) —y2+y

1 1
jy<y+1>dy:fx<x—1)dx

) 1 1
En décomposant et en somme
yYy+D  x(x-1

de fractions partielles, nous obtenons

IG_W) _J( x—ljdx

In|y|-In|y+1| = -In|x|+ In|x = 1|+ C

Y ‘zlnx
y+1

In

e

X

i) Enremplagant y par 2 et x par 3,

ln(g) = ln(g) +C,doncC =0
3 3

ainsi In|—2 =lnx_1
y+ X
Yy _x-1
y+1_ X
=y-y+x—-1
douy=x-1

ii) En remplacant y par 2 et x par % ,

In (zj =1In ﬁ
3 3

ainsi —— = _(x — 1)
y+1 X

X =-yx+y—x+1

+C,doncC =0

1-x

b) ydy = e2*ev sin (Sme?*) dx

Iye’y dy = ,fez" sin (57e?*) dx

u=y dv=evdy Z = Sme?*
du=dy v=-ev dz = 10me?* dx

-yey + fe'ydy = LJsinzdz

107
-yey —eV = e
107
2x
yey + e = cos (5me?r) +C
107
En remplacant y par O et x par 0, nous obtenons
-1 1
l=——+C,,doncC, =1+—
107 107
2x
d’ol yey + e = ©os (Sze®) +1+ L
107 107
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c) J- o dx =J. ! dy
/25— x? Jyr+16
u=25-x? ; y=4tan@
du = -2x dx - dy = 4sec?0d@
Vi + 16 ,
/)
4

j—du_ [secodo
—\/E = In|sec + tan 6| + C

2
257 = 1n‘7\’y4+]6 + %‘

-\/25——x2 = ln(\/yz-i-—l6+ y)+C1
En remplacant y par 3 et x par -4, nous obtenons
-9 =1In(v/25 +3)+ C,,donc C, = -3 —In8
d'ott /25— 22 = In(\/)Z+16 + y) -3 - In8

4. a) Puisque

-sin"l'xcosx n-—1;.
+ J‘sm’kzxdx

Jsin"x dx =
n

alors
T

j% -sin”~! x cos x |?
n

sin” x dx =
-1

n

-1
n

n-1r3.
+ . sin"~2x dx
n

-0+

A
J.z sin"2x dx, pour n > 2
0

. x
ST n 3.
d’ou le sin"x dx = JZ sin"~2x dx, pour n > 2
0 0

i

b) J? sin’xdx = g-[oz sinSx dx
-6 X 4 J'zsin3x dx
7 570
6,4
7 5

X g_.ﬁsinxdx
3 Jo

i
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5. 19 5 .
2 Gip20 — 22 [2gp18
c) -[0 sin?0x dx = 20 Jo sin'8x dx

(zz)ﬁz)(izxiz) o
(1) L
(-

. a) Trouvons les points d’intersection des courbes.

37x2 37
(x—6)x2+1) (x-7)
x2(x=T7=(x-6)(x2+1)
xX3—=Tx2=x3-6x2+x-06
0=x24+x-6
=((x+3)x-2)
doncx =-3oux=2

Les points d’intersection sont (-3; -3,7) et (2; -7,4).

> fimx->374xA2/((x-6)*(xA2+1));
X2

fi=xo37— X
(x=6)(x2+1)

> g:=x->37/(x-7);

> with(plots):

> cl:=plot([f(x),g(x)],x=-3..2,color=[red,blue]):

> c2:=plot([max(min(f(x),g(x)),0),min(max(f(x),g(x)),0),
f(x),g(x)],x=-3..2,filled=true,color=[white,white,
yellow,yellow]):

> display(cl,c2);

X
3.2 1 012
‘ :
‘ ‘
‘ :
:

‘

‘

‘

37x2
(x —6)(x2 +1)

_ J‘2 37x2 37 d
= - X
S\(x—-6)(x2+1) x-7
37x2

(x=6)(x2+1)

de fractions partielles.

Décomposons en une somme

37x2 __A +Bx+C
x=6)(x2+1) x—-6 x2+1
_ 36 +x+6

x—6 x2+1
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2 2
doncJ‘ 37x - 3T dx
A\(x=-6)(x2+1) x-7
=J2( 36, x 6 37 jdx
S\x—-6 x2+1 x2+1 x-7

= (361n‘x—6‘+%1n‘x2 +1\+6Amanx—371n\x—7\]

2

3

2
A:j1 (x =1 —1Inx)dx

:361n4+%ln5+6Arctan2—371n5—36ln9— 2
= (x——x—(xlnx—x))

2

%ln10—6Arctan(-3)+37ln10 2 I
4 1
=|——-2In2|-|=-1Inl
:361n(%)+§1n2+6(Aman2—Amtan(-3)) (2 ) (2 )
~ 10,24 v :@—unzjuzzo,mﬂ
Vérification du résultat
s N R Vérification du résultat
Plot1 Plot2 Plot3 WINDOW
_ _ - s N B
w1_§;)/(2(/)(( (7X)—6) an: 3 Plot1 Plot2 Plot3 WINDOW
(11_)(2) i’"ax_ \Y1=X_1_1n(x) Xmin=
o \Y,= X =2
\Y.B(37X2/ ((X-6) v--8 W s
(1+X2)) =37/ (X-7) Y= NG ol
- max 4 min_
\Y4_ Yscwi \Y5= Ymax=1
Xres_ \YSZ Ysc'\= .4
\\ ) \Y7= XFES=1
e 7 . J J
- ~ - N
T:value CALCULATE
g:zgrg 1:value s N
rminimum 2.
4:maximum 3::1?;?mum
g::jn';grsect 4:maximum
- dy /dx 5:intersect
| ST (x)dx J \ef(x)ax=10. 243551 ) 6:dy/dx
\ff(x)dx ) U (x)dx=. 11378564 )
b) Trouvons I’équation de la tangente.
f(x)=1Inx c) > fi=x->(x"2-1)(1/2)/x;
, 1 . ., 2 _
f(x):;,ammf(l):l f::x%M
X
donc I’équation de la tangente est > gi=x->x/(x*2- 1)A(112);
y=ax+b N
y=1lx+b (car f/(D=a=1) gi=X > o
X2 —
La droite passe par le point (1, f(1)), ¢’est-a-dire (1, 0) > with(plots):
0=1+» > cl:=plot([f(x),g(x)],x=0..2.5,y=0..2.5,color=[red,blue]):
1=b > c2:=plot([max(min(f(x),g(x)),0),min(max(f(x),g(x)),0),
ainsi v = x— 1 f(x),g(x)],x=2/(3)"(1/2)..2,filled=true,color=
Y [white,white,yellow,yellow]):
> fi=x->In(x); > display(cl,c2,scaling=constrained);
f=x—-1In(x)
> gi=x->x-1;
gi=x—>x-1
> with(plots): y
> cl:=plot([f(x),g(x)],x=0..2,y=-1..1,color=[red,blue]):

> c2:=plot([max(min(f(x),g(x)),0),min(max(f(x),g(x)),0),
f(x),g(x)],x=1..2,filled=true,color=[white,white,

yellow,yellow]):
> display(cl,c2,scaling=constrained);
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d)

2 X x2 -1
A= - dx
2
FLvx? -
f {\/x 1 X }

2 1
= ———dx
Faxz -1
2
= Arcsec x|,
%
= Arcsec2 — An:sec(%j
_r_r
3 6
T
6
Vérification du résultat
s N
Plot1 Plot2 Plot3 WINDOW
\Y BX/ (V(X2-1)) X, =1
- (V(X-1)) /X Xoax=2
\Y,= X1=:25
\Y,= Y. =0
\Y4= Ymax:2 " 5
\Y,= Y, =.25
\Y6= Xres:1
\ J L
e N
CALCULATE
1:value s
2:zero
3:minimum
4 :maximum
5:intersect
6:dy/dx
kff(X)dX ) Ut x)dx=52350878

Trouvons les points d’intersection des courbes.

(tan?x — tan x)e* = 2¢™*

tan’x —tanx —2 =0
(tanx — 2)(tanx +1) = 0
tanx = 2si x = 1,107... tk7, a rejeter
tanx:—lsix=3—ﬂ
> fi=x->((tan(x)"2-tan(x))*exp(-x));

f=x> (tan (x)? — tan (x)) et
> gi=x->2%exp(-x);
g=x —> 2etv

> with(plots):
>y |:=plot(f(x),x=5%Pi/8..Pi,color=orange):
> y2:=plot(g(x),x=5*Pi/8..Pi,color=blue):

> cl:=plot(g(x),x=5*Pi/8..3*Pi/4,filled=true,color=white):
> c2:=plot(f(x),x=5%Pi/8..3*Pi/4 filled=true,color=yellow):

> c3:=plot(f(x),x=3*Pi/4..Pi filled=true,color=white):

> c4:=plot(g(x),x=3*Pi/4..Pi filled=true,color=yellow):

> x| :=plot([[5*Pi/8,g(5*Pi/8)],[5*Pi/8,f(5*Pi/8)]],
color=black):

> x2:=plot([[Pi,f(Pi)],[Pi,g(Pi)]],color=black):

> x3:=plot([[3*Pi/4,0],[3*Pi/4,f(3*Pi/4)]],color=black,
linestyle=4):

> display(yl,y2,cl,c2,c3,c4,x1,x2,x3,
view=[0..Pi+0.2,0..1.5]);

. a)
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1,41
1,21

0,81 f(x) = (tan? x — tanx)e™*
0,64
0,41
0,24

05 1 15 2 25 3
X

A=A +A
- J.j [(tan? x — tanx) e — 2¢* | dx +
3

J.:n [Ze"‘ - (tan2 X — tan x)e’x}dx
r
377!
P [—26"‘ —(e*tanx + e'x]
8

v

= [e'x tan x +e* + 2e'x]

3m
4

(Voir le numéro 1 n), page 125)
3

; + [-e"‘(tanx + 3)]
8

v

= e¢*(tan x + 3)

B3
4

= 0,107 33...+ 0,059 91...
= 0,167 25...

d’ot A = 0,167 u?

Déterminons les points d’intersection du cercle
et de I'ellipse.

De (D) x% + y? = 25, nous avons x> = 25 — y°.

. X2y
En substituant dans (2) 37 + = 1, nous obtenons

18
— 2 2
25-y2
32 18
14y> |25
576 32

y2 =9, ainsi y = +3

En posant y = 3 et y = -3 dans (1), nous obtenons
x =4 et les points d’intersection sont A(-4, 3), B(4, 3),
C(4, -3) et D(-4, -3).

A = mws-xz - hs-%ﬂ}dx

4
= 2]0 [vzs - %V(az - xZ)]dx

En utilisant les formules provenant des tables
d’intégration, nous obtenons

JN25 - x2 dx = ﬁ\/25—352 +%Arcsin(§) et

2

jéwz Cxldx=> [ﬁ 32 = 22 + 32 Arcsin (Lﬂ
4 402 2 \/32
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-

[ el )]

= 25Ancsin(%)— 24Arcsin( 4

)

d’ou A =433 u?
A2=I[ 32——y —425-y }dy
3[4
=2J.0|:§V18—y2 —\/25—y2j|dy

En utilisant les formules d’intégrales, nous obtenons

4 4|y 13 Y
28 yrdy =22 18y + Bar
I3 e 3{2 Y Sln(\/ﬁﬂ

et [J25 =3 dy= 22577 +%Arcsin@)
T
[3\/— —Arcsm@) o}}

. 3 . (3
= 24 Arcsin| —— | — 25 Arcsin| =
(\/18) (5)

d’ou A, = 2,76 u?

b) Déterminons d’abord les coordonnées des points S,
QetT.

P(0, 6)

R M(0, -6) N S(x,-6)

(PM)° + (MS)” = (PS)’
(12)2 + x = (2x))?
144 = 3x}, donc x, = 4/3

y—=6 12 . . y—6
= N = - 3
x-0 43 aumst X V3

donc y = -/3x + 6 est ’équation de la droite passant
par les points P(0, 6) et S(4~/3, -6).

© 2009 Chenelitre Education inc.
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En posant y = 0, nous trouvons 0 = -~/3x + 6,
donc x = 23,
ainsi les coordonnées du point Q sont Q (2\/§ , 0).

En remplagant y par (-x/?x + 6) dans 1’équation
du cercle x2 + y2 = 36, nous obtenons

x2 + (-\/gx + 6)2 =36
X2 +3x2 — 124/3x + 36 = 36
x2—12/3x =0
4x(x—3\/§): 0,donc x = O ou x :3\/?:
En posant x = 3\/§ , nous trouvons

y=-/3033)+6=-3,

ainsi les coordonnées du point T sont T(3+/3, —3).
A, = Aire du quart de cercle — Aire du APOQ

_m©? 6(23)
4 2
donc A, = o — 63

A, = B, + B,, ou

B _(3f—zf) 33

2
B, —J.J_\/36 X2 dx

= (“/3’62? + 18Arcsin (2))

=0+97) - (i + 67r)

9\/3
2

et

6

3V3

=37 —
donc A, =37 - 3/3
Ay =C, +C,,ou
C, = Aire du rectangle OENM — f;\/g V36 — x2 dx

_ (3\6)6_[@+ lsmsin(;)j i
— 183 - (i%”)

= 27;/_ — 6rm, et

3(443-343) _ 33
2

2

0

C, =

donc A; = 15/3 — 67

ainsi A = A + A, + A;
= (97 - 6:/3) + (37 = 3/3) + (15/3 - 67)
=67 + 63

dott A = (67 + 6:/3)u2 = 29,24 u2
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¢) En posant y = 10 — /100 — x2 dans
(x = 5)2 + y2 = 25, nous obtenons

(x=352+(10=100—x2) = 25
¥ = 10x 425+ 100 205100 - 22 + (100 - x2) = 25
-10x — 20100 — x2 + 200 = 0
(20 - x) = 24/100 — 22
400 — 40x + x2 = 4(100 — x2)
5x2—-40x =0
Sx(x—8)=0

donc x =0oux =28

A= j V25— (x =52 = (10 = /100 — x2) | dx
=[<x—5> 25— (x- 5 x—5)+

+ 50 Arcsin (i) - IOx]
10

= [(6 + %Arc sin (%) + 24 + 50 Arcsin (%) - 80) -

(2—25 Arcsin (-1) — Oﬂ
25 25

A="—+"Arc sm(3)+50Arcsin(i)—50
4 2 5 5

+2Arcsin(
2

8

x+/100 — x2
2

0

d’ou A = 24,04 u?

7. 2 x2+y_2:1

Pl
-

><V

-b
2Ly
a? b2
[ x2
yztbsl—x—zié a? — x?
Voa? a

A= 4J:é\/a2 —x2 dx
a
= @j;x/az —x2 dx
a

a

a

2
= &[%\/az -x2 + %Arcsin(iﬂ
a

0
(table d’intégration)

2 2
=ﬁ[(0+a—Arcsin1j—(0+a—Arcsin0ﬂ
a 2 2
4b[7i_0}
22

= (mab)u?
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b) Grande ellipse: a=8etb=4
Petite ellipse: a=5etbh=3

A = Aire entre les demi-ellipses
1
= 5(75(8)(4) - m(5)(3))
= 8,57 u?

Volume = A(25)
= (8,57)(25)
= 212,57

d’ou V = 667,59 m?3

8 a % x(x+4)
075F S = o+ 2y —
. B
1 2 x
2
_ x(x +4) d
0 (x+2)
. 244 4
Puisque - —— , alors
x> +4x+4 (x +2)?
2
A= J dx =|x+ L B | lu?
(x + 2)2 (x+2))|,
Vérification du résultat
e s N
Plot1 Plot2 Plot3 WINDOW
\YB(X(X+4))/ X, =
(X+2) 12 X=
\Y2= Xsc1= 5
\Y3: Ymin=
\Y4= Ymax=
\Ye= Y, ,=.25
\Y6= Xres=1
I\ J U J
N
CALCULATE
1:value
2:zero
3:minimum
4 :maximum
5:intersect
6:dy/dx
\ff(X)dX ) Ufoax=t

b) joz F(x)dx = f(c)-(2—0),0uce [0,2]
_ C(C+4)
(c+2) (2)

2 +4c+4=2c+8¢
2+4c-4=0

dot ¢ = (2v2 -2)  ((-2-2v2) a rejeter)
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9. a A:.[fzsin3xdx= ;

__ 15 _ 205
X = Ajo xydx = Ajo xsin3x dx

Calculons I = [ xsin3x dx.

-2cos3x

Z
3

1
e—1"

4 e+1

3

d’ou C(x,y) = C(

0 4

(alcul intégral, 4 édition — Solutionnaire des exercices récapitulatifs et des problémes de synthése
> f:i=x->exp(x):
> with(plots):
> cl:=plot(f(x),x=0..1,color=orange):
> c2:=plot(f(x),x=0..1 filled=true,color=yellow):

> c:=plot([[I/(exp(l)-1),(exp(l)+1)/4]],style=point,
dv = sin 3x dx

u=x symbol=circle,color=black):
~ > display(cl,c2,c);
dit = dox - cos 3x
3
o] f)=¢
I:m+lfcos3xdx I
3 3
_ -xcos3x 4 sin 3x +C 0‘,‘! 08
3 9
. 2(—xcos3x sin3x) B - Q(E) z ¢) Soit la fonctionx=Inyouye [1,e].
A 3 9 o  4\9 6 A= J’le In ydy
e U
= Calculons I = |Inydy.
y 2Af0y dx culons I = [1In ydy
-4 (g2
=3 , Sin 3xdx u=1Iny dv=dy
_ 2 5(1-cosbx 1
_A-[O( 2 )dx du= —dy v=y
2 ( sin 6x) B
L
A 6 0 I=ylny-[ldy=ylny-y+C
_ é(l) _T .
4\6) "4 A=[nydy=(yiny-yl =1
. _ T T _ 1 e 1 e
d’ou C(x,y) =C|—,— - 24y = — 2
) (6 4) = gh =g liwrey
> fi=x->2%sin(3*x); Calculons I = [ (In y)2 dy.
f=x — 2sin(3x)
> with(plots): u=(Iny)? dv=dy
> cl:=plot(f(x),x=0..Pi/3,color=orange):
> c2:=plot(f(x),x=0..Pi/3 filled=true,color=yellow): du = 2(In y) dy v=y
> c:=plot([[Pi/6,Pi/4]],style=point,symbol=circle,
color=black):
> display(cl,c2,c); I =y(Iny)? - 2Jlnydy
— 2 —
2 00— 2 530 = y(ny)? - 2[ylny-y]+C
|
N
0 X =_—| (nyy?dy
04 08 24 L .
x 1
1 - 2 _
by A=ferdv=e,=(e-1) = 5 00ny7 —2ylny+2y)|
1 1 1 b =2
© =g lyde= L de = Ster—en)| =2 2
_ 1 qe 1 re
1 = — = —
y:i Ve y Afl yx dy A_flylnydy
1 ¢! Calculons I = [ yln ydy.
=—| e?*dx
2A 70
_Le“l u=Iny dv=ydy
24 2 |
1 »?
_ 1 (ez—l):e+1 du=Tdy V=T
20e-D\ 2 4
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»? 1 »? y?
=Y my-Liyay =LY my-2L 4
y Iy =5 lydy= iy -2

1 oqe 1(y? yz)e e +1
=— Inydy=—|"—"lny-=—| =——
A b ymdy A(Z YT T s

_ -2 e2+1
dol C(x, 5) = C| £==, )
(%, 3) ( 2 4

> f:i=x->exp(x):

> gi=x->exp(l):

> with(plots):

> cl:=plot([f(x),g(x)],x=0..1,color=[orange,blue]):

> c2:=plot([max(min(f(x),g(x)),0),min(max(f(x),g(x)),0),
f(x),g(x)],x=0..1,y=0..4 filled=true,color=[white,white,
yellow,yellow]):

> c:=plot([[(exp(1)-2)/2,((exp(2))+1)/4]],style=point,
symbol=circle,color=black):

> display(cl,c2,c);

4 e
2 .
-«

o+

04 08
X

_ 2In3-1In5
2

2 -
A A== dx = 1) - 2
09— x2 2

2 x2

X
Adog_x2

x =3sin6
dx =3cos0do 3
0=Arcsin(§) A
V9 —x?

dx

f:—f xy dx

2
Calculons I = J 9 *

— x2

—j 95‘“9 5 3c0s0do

sin 9
=3
Icos@

_ 3J'1—c0529
cos O
= 3[ISCC9d9— fcos@d@]

= 3[1n‘sec€+ tan@‘ - sin9]+ C

— 131 x+3 | x +C
./ 9 _ x2 3
2
5= 3 o x+3 | x _ 3In5-4
\/ 9 — x2 3 N 2In3-1n5
o Pyge L[

, Yrax —dx
2A 2A 70 (9 — x2)2

PROBLEMES DE SYNTHESE

x = 3sin6
dx =3 cos@d@
0 = Arc sm A
Vo
x2
Calculons I = J‘idx
(9—x2)?
mn2
= j% 3cosdo
(9 — 9sin? 6)2
J‘ sin? 0
cos3 0
J‘ 1 — cos? 9
cos3 0

==|[sec30d6 — [secOdo
3[

B l[sec@tan0+ln‘sece+ tan@‘

- ln‘se<:0+ taneﬂ+ C
3 2

= é[sec@tane—ln‘sec:9+ tan0u+C

[+e

’ __12-5Mn5
60(2In3 —In5)

6

n
—x2 \/9—)62

1] 3x x+3
9

—_ 1| 3x In x+3
9 — x2 \/9—x2

MR

dol C(F, 3) = C 3In5-4 7 12-5In5
2In3-In5 60(2In3 —1n5)

> fi=x->x/(9-x"2);

X

=x
f 9 — x2

> with(plots):

> cl:=plot(f(x),x=0..2,color=orange):

> c2:=plot(f(x),x=0..2,filled=true,color=yellow):

> c:=plot([[(3*In(5)-4)/(2*In(3)-In(5)).(12-5%In(5))/
(60*(2*In(3)-In(5)))1].style=point,symbol=circle,
color=black):

> display(cl,c2,c);

2
A= Joﬂ(l + cosx)dx = (x — sin x) ‘3” =2r

]Zﬂd
Ado P

1 2r
- Zjo x(1 + cos x) dx

=l

1 r2n
= XJ‘O (x + xcosx)dx

2
1( x2 .

= —| —+ XxSInx+ Ccosx
A\ 2

= L(27r2) =r
o 2
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_ 1 2 2d
)’—ao yodx

ifz"(n cos x)2 dx
24 Jo

2r
= LJ’ (1+ 2cosx + cos? x)dx
2A 70

1 2r
= 1+ 2cosx +

1 1+ cos2x doc
2A Y0

2
. 2r
X sin Zx)

1( .
=— | x+2sinx+ =+
2A 2 4

0
3

1
= —_— 37[ =
47r( ) 4

d’ou C(x,y) = C(ﬂ', %)

> fi=x->1+cos(x);
f=x —> 1+cos(x)
> with(plots):
> cl:=plot(f(x),x=0..2*Pi,color=orange):
> c2:=plot(f(x),x=0..2*Pi filled=true,color=yellow):
> c:=plot([[Pi,3/4]],style=point,symbol=circle,
color=black):
> display(cl,c2,c);

2 f(x) =1+ cosx

% 5
> A:=int(f(x)-g(x),x=-2..2);
A=12r1
> x L i=(1/A)*(int(x*(f(x)-g(x)),x=-2..2));
xl:= L
2
>y L:=(1/(2*A))*(int((f(x) " 2-g(x) *2),x=-2..2));
=321
= 157
b o132
d’ou C(x,y) = C(z, 15”)

> with(plots):

> cl:=plot([f(x),g(x)],x=-2..2,color=[orange,blue]):

> c2:=plot([max(min(f(x),g(x)),0),min(max(f(x),g(x)),0),
f(x),g(x)],x=-2..2,y=-1..2 filled=true,color=[white,white,
yellow,yellow],scaling=constrained):

> c:=plot([[1/2,32/(15%*Pi)]],style=point,symbol=circle,
color=black):

> display(cl,c2,c);

f(x)=V4—x2
2 0
- () = A=
£ 2

© 2009 Chenelitre Education inc.

10.

a)

b)
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dv
dt
,fdv = ftcostdt

dv = costdt
v =sint

u=t
du = dt

v = tsint—fsintdt
v =tsint +cost+ C

En remplagant ¢ par O et v par 0, nous obtenons
0=0+1+C,doncC = -1
d’ou v(t) = tsint + cost — 1
> vi=t->t¥sin(t)+cos(t)-1;
v:i=1t — tsin(t) + cos(r) — 1

> with(plots):

> cl:=plot(v(t),t=0..Pi/2,color=orange):

> cl l:=plot(v(t),t=0..Pi/2 filled=true,color=yellow):
> display(cl,cll);

04 08 1,2
t
d, = jf v(t)dt

Iv(t)dr = [tsintdr + [ costdr — dt

dv = sintdt
v = -costdt

u=t
du = dt

= -fcost+ Jcostdt+sint—t

donc fv(t)dl =-tcost+2sint—t+C

d, = j; v(t) dt

T
= (-tcost+2sint—t)‘é

e

doi d, = (2 - %)m ~043m

Vérification du résultat

Plot1 Plot2 Plot3 ) KWINDOW
\Y,BXsin(X)+cos X0 =0

(X) -1 X,o=1.5707964..
\Y,= X=-4

\Y,= Y ..=0

\Y4= Ymax=1

\Y = Y= 1

\Y6= Xres=1

g NS
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( N

rvalue
1zero
rminimum
rmaximum
rintersect
1dy/dx
\ff(x)dx

O WOWN =

) (U (x)dx=. 42920367

¢) > c2:=plot(v(t),t=Pi/2..Pi,view=[0..Pi,v(Pi/2)..v(Pi)],
color=orange):
> c22:=plot(v(t),t=Pi/2..Pi filled=true,color=yellow):
> display(c2,c22);

05
] ¢

0
-0,5

-1
-1,5
-2

05 | 15 2 25 3

> tl:=fsolve(v(t)=0,t=Pi/2..Pi);
t1:=2.331122370
> dist2:=Int(v(t),t=Pi/2..t1)+Int(-v(t),t=t|..Pi);

2331122370
R tsin(t) + cos(t) — ldt
2

dist2 = J

-tsin (t) — cos(t) + 1 dt
-[.2.33112237() ( ) ( )

> Al:=int(v(t),t=Pi/2..tl);
Al:= 0.2954076806
> A2:=int(-v(t),t=tl..Pi);
A2:=0.7246113538
> dist2:=Al+A2;

dist2:= 1.020019034
dotrd, = 1,02 m

_B-n(+2)?
T+ D+ 4)

4 28
3t+1) 3(t+4)

> plot((3-t)*((t+2)*2)/((t+1)*(t+4)),t=0..5,color=orange);

1. a) v(?)

=-t+4+

3 4 28
[0s.3s] jo ( 3(t+1) 3+ 4))

(_,2 41n|t + 1 281n\z+4\)
=|—+4r+ - 3

3

0
£+ 32In4 28In7
2 3 3

d’ou d[05,3s] =4,13m

_12
dizs 5 = K 2o 4Injr+1] 281n;+4)]
' 2 3

5

3

3

= 1,80

d'ol s, 5,y = 1,80 m

Vérification du résultat

s N A
Plot1 Plot2 Plot3 WINDOW
\Y.B((3-X) (X+2)2/ X,in=0
((X+1) (X+4) X, =5
\Y2= Xsc1=1
\Yy= Yoin="3
\Y4= Ymax=3
\Y5: Ysc'\=1
\Y6= Xres=1
N AN
s A
s RWICALCULATE
1:value
2:zero
3:minimum
4 :maximum
5:intersect
6:dy/dx
L L AT (x)dx
s A
\Jf(x)dx=4.1253118 ) \Uf(x)dx=-1.804981 )

b)a(t)zﬂ:i(-z+4+ L 28)
dt dt 3r+1) 3(r+4)

_( 4 28 )
=|-1- +
3(t+ 1) 3(r+4)?

9

a(2) = (-1 _4 ﬁj 8
27 108

doti a(2) = g m/s? = -0,8 m/s2

. R=[R,(9)dq

= [103(2q - ge*59)dg
=103 |:q2 — Jqesa dq]

Déterminons | ge¥57dg.

u=gq dv=e%3dgq
du=dq v=-2e03

Ainsi [ ge034dg = -2ge054 + 2 [ 054 dg
= -2ge031 — 4e0:5¢
donc R(g) = 103[¢2 + 2qe05¢ + 4¢054] + C

En supposant que R(g) = 0 lorsque g = 0, on trouve
C =-4000, ainsi le revenu cherché est donné par

R(6) — R(0) = 32 796,59 $.
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T
13. a) F(T) = eifjo a(t) et dt

En posant T = 5, a(t) = 4000 et i = 0,045,
nous obtenons

5
F(5) = e(0’045)5J‘0 4000e0-045t

5
— Mgo,om
0,045
> 0
— %(6-0,225 -1
= 22 428,686...

d’ol environ 22 428,69 $

b) En posant T = 10, a(t) = (2500 + 2007) et i = 0,04,
nous obtenons

10
F(10) = 00910 [ 72500 + 2001)e 004 dr

Calculons d’abord I = I(ZSOO + 200¢)e0-041 df.

u = 2500 + 200¢ dv = e-0.04 gy
_e-0.041

du =200dt V= = 250,041
0,04

I = (2500 + 2001)(-25¢-0041) + 25(200) [ 004 dt
500e-0.041
0,04

=-62 500¢-0-04 — 5000z¢-0-04 — 125 000e-0-04 + C
= (-187 500 — 5000¢)e-0-04 + C

= (2500 + 2007)(-25¢-0-047) —

10
0

F(10) = ¢%4(-187 500 — 5000¢)e-0-04 |

e04(-237 50094 + 187 500)
=42 217,13

d’ol environ 42 217,13 $

14. a) L(x)=1-+/1—x2

b) G = 2j;(x— L(x)) dx

= 2‘[;[x—(l—\/l—x2)}dx

= ZIOI(x—1+\/l—x2)dx
Z(Lz_x+x\/1—x2 1 )

+ — Arcsin x
2 2 2

1

0
(table d’intégration)

© 2009 Chenelitre Education inc.

Vérification du résultat
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s N
Plot1 Plot2 Plot3 WINDOW
\Y,B2(X-1+/(1-X2)) Xyin=
\Y2: Xmax=
\Y,= X1=:25
\Y4: Ymin=
\Y5= Ymax=
\Y = Yo=-25
XFES=1
_ J
s N
CALCULATE -
1:value
2:zero
3:minimum
4:maximum
5:intersect
6:dy/dx
\ff(x)dx ) T (x)dx=.57083441
d
= k(N -y)
dt
B
YN —y)
Décomposons ————— en une somme de fractions
. YN =)
partielles.
1 A B
==+
YN-y) 'y N-y
_ ANV -y+By
YN =)

1=(B-A)y+AN

Ainsi B—A =0
AN =1

doncAziethi
N N

1
- dy=Jkd
JﬂN—y)y '

J.(L+;)dy =kt + C,
Ny " NN -y)
%mM—%mW—ﬂ=m+q

y
N-y

In = Nkt + C,

Y _ oNutC, = CyeM
N-y
y= NC3eNk1 — yC3eN"’
y(1 + CyeNk) = NCyeNe
NCyeNk
1+ CyeMht
NeNkt

L + eNki
3

T CeMe 11

N (c:i

ot N
douy = T3 Cot (équation 1)
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b) Déterminons le point d’inflexion.

c)

dy _ 0 — NC(-Nk)e-M
dr (1+ CeNiry2
_ CNZke-Nkr
(1 + CeNuy
d2y _ CN3k2eMa(1 + eMa)[-(1 + Ce-M) + 2CeMe |

dr? (1+ Ce-Nry4
2
Au point d’inflexion % =0

donc -1 — CeN& + 2Ce N =

1+ CeMt = 0
Ce Mt = |
eth =C
,~InC
Nk

En remplagant ¢ par % dans I’équation 1,
N
nous trouvons —,

d’ou le point d’inflexion est le point P (ﬁ , Ej
Nk 2

Déterminons I’équation de I’asymptote horizontale.

. N N
Iim ———=——=
== 1+ CeN 140

d’ou la droite d’équation y = N est I’asymptote
horizontale.

y“

En remplagant N par 1500 dans 1’équation 1,

_ 1500
T 1+ Ce- 1500k
En remplagant ¢ par O et y par 300, nous obtenons
300 = @,doncC =4
1+C

1500

ainsiy= ——————
1 + 4e-1500t

PROBLEMES DE SYNTHESE 137

En remplacant ¢ par 1 et y par 500, nous obtenons

1500
1 + 4e-1500k
1+ 4e 150k =3
1

500 =

o-1500k = *
2
-1500k = ln(l), donc k = In2
2 1500
. 1500 1500
amsi y = m ouy= ﬁ
1+ 4(5)

i) Enremplacant ¢ par 2,5, y = 878 bactéries.
ii) En remplagant y par (90 %(1500)),
1500

90 %(1500) = ————
1+ 4(l)
2

d’ou ¢t = 5,17 heures

iii) En remplacant C par 4, N par 1500

etkparln—z, dans P(M, ﬂ)
1500 Nk 2

nous obtenons le point d’inflexion P(2, 750)

La droite d’équation y = 1500 est une asymptote
horizontale.

> N:=t->1500/(1+4*(1/2)"t);
1500

t

1+4 (l)
2
> cl:=plot(N(t),t=0..8,color=orange):
> ah:=plot(1500,t=0..8,color=blue,linestyle=4):
> P:=plot([[In(4)/In(2),750]],symbol=circle,
style=point,color=orange):

> display(cl,ah,P,view=[0..8,0..1600]);

N=t—>

1600
1400
1200
1000
800
600
400
200
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Vérification du résultat
o1 h 1 5 1 1
s N ~ ainsi — In =—1In|=|t+—In|—
Plot1 Plot2 Plot3 WINDOW 60 60— h 180 4 60 5
\Y, 81500 X, =0 h 1. (5 1
\Y,B1500/ (1+4(.5)*X) X" "=g ln( ) = —ln(—)t + ln(—j
= max_ 60 —h 4 5
\Y3 Xsc1_1
Ve - b1 )
\Y,= Y, =1609 60 — h
\Y = Y =200
° X2 h=12es00) _ B in(3)
. NS e J
D h+ ezl“(A)’ = ]2331"(4)’
Lin(3)s
h{l L2 } = 1263060
126400
BT
- J 1+ e3"\a
5
16. a) Soit & la hauteur de la plante en cm et ¢, le temps 60es ()
en jours. B 54 e%ln(%)t
% = kh(60 — h) _ 60
1+ Se%l"(«‘)'
dh
————— =kdt 60
h(60 — h) d’ol h(r) = ,
1 4 3
——dh = [kdt 1+5/ 4
-[h(60—h) +5(5)
P . 60
Décomposons ————— en une somme de fractions b) h(14) = o = 21,7cm
h(60 — h) (4) 3
1+5|—
partielles. 5
1 1 ¢) Pour déterminer la hauteur maximale de la plante,
I _A,_ B _60, 60 L . 60
W60 —-h) h (60-h) h (60 — h) il s’agit de calculer lim

1

Doncj LV = kar
60h | 60(60 — h)

ilnh—iln(60—h) =kt+C

60 60

1 ( h
—In
60 \60-nh
Puisque a t =0, h = 10, alors

60 \50

):kt+C

iln[m) = k(0) + C, donc C = iln(l)

5

Lln(L) =kt + Lln(l)
60 60 —h 60 5

Puisque a t =3, h =12, alors

Lln(EJ =3k + iln(l),
60 \48 60 \5

© 2009 Chenelitre Education inc.

donc k = Lln(

180

=+ % ’
1+ 5(1)
5

Puisque lim L,

>+ 3
1+ 5(£)3
5

le nombre de jours pour que la plante atteigne 30 cm.
60

1+5(i)3
5

= 60, alors il faut calculer

Ainsi 30 =

t = 21,6 jours
d) > h:=t->60/(1+5%(4/5)"(t/3));

h:=1t— 60 T
3

1+5(£)

5
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> diff(h(t),t); e) Le taux de croissance est le plus rapide lorsque
A (4 h”(r) = 0, ¢’est-a-dire au point d’inflexion,
(—) In (—) d’ou la hauteur de la plante est de 30 cm.
1005 \5)
[1 +5 (4)3’) 17. a) > Q:=t->2*t¥exp(-0.3*t);
> Q=1 — 21e-030

> h|:=t->diff(h(t),t); > plot(Q(t),t=0..24,color=orange);
hi=t — diff (h(r), ) 25

> diff(h 1 (t),t); 151/ Q(t) = 2ted3t

a0 o ([

5 10 15 20
3 4 1t } 3 4 Lt 2 t
[1+5()‘ ) (1+5()‘ j - - N
5 5 Plot1 Plot2 Plot3 WINDOW
\Y B2Xe” (-.3X) X . =g
> h2:=t->diff(h | (t),t); \Y;= X:;:=25
h2:=t — diff (h1(2), ) N o
> a:=solve(h2(t)=0); \Y:= Y:;:=3
In(5 \Ye= Y..=.5
a:= _3# \Yj: X 1:1
o) k J o J
5 s B
> b:=evalf(h(-3*In(5)/In(4/5)));
b:=30.00000000
s . . -3In5
Le point d’inflexion est le point P n 30
In (—)
5 - g

> with(plots):
> cl:=plot(h(t),t=0..80,y=0..70,color=orange):
> ah:=plot(60,t=0..80,color=blue,linestyle=4):

b) Calculons d’abord I = [ 2te-031 4.

> P:=plot([[-3*In(5)/In(4/5),30]],symbol=circle, u=2t dv = e03dt
> style=point,color=orange): du=2dt = e 03
> display(cl,ah,P); 0,3
70
60 oo 70031
50 I= 722)63 + %je.o,std,
Y 40 1+5(5) ’ ’
30 ;. D003t 2p-030
P (5, 30) I = - +C
20 " 0,3 0,09
10
0776730 30 40 50 60 70 80 i o = ljﬁzte-o,atdt
; oneh = g ),
6
e 2 -0, 0,
Plot1 Plot2 Plot3 KWINDOW ) _ 1] 2093 2e03
\Y, 260 X, =8 6l 03 009 ||
\Y 60/ (1+5(.8) " X""=8g L ,
(X73) X" =10 d’ou environ 1,989 mg/cm
\Y3= Y.m'n=g B 1| -2te03t 27031 24
\Y,= Y. =10 i) Q[lSh,24hJ =7 -
\Y = = 6 0,3 0,09
5_ YscW 10 18
\Ye= Xpes=1 d’ot environ 0,084 mg/cm?
N J L J
1 [20e03  9g-03 [
-2te " 0.3
iii =— -
) Con.20m 24{ 0,3 0,09 L
d’ot environ 0,920 mg/cm3
18. a) f(x) = k(x+2)e*
N J

1) f(x) 20,V x €0, 4] lorsque k > 0
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4
2) Tl faut que [ k(x +2)edy = 1 I = -(x2 + 2x)es — 2 + e + [ 2 dx

Calculons I = [ (x + 2)e-*dx. = -(x2+2x)e — 2x +2e* —2e* +C
=-(x2+4x+4)er+C

4

u=x+2 dv = e*dx ainsi‘u = [-()C2 +4x + 4)3%]
du = dx v =-e~ 3—"Te# 0
=L [360¢+4]
3—Te*
I =~(x+2)e + Jexdx =1,1632...

I=-x+2e*—e*+C=-(x+3)e*+C dob gt = 1,16 min

4
En résolvant fo k(x +2)erdx =1 Ce temps correspond au temps d’attente moyen

K[+ 3] ‘g 1 des visiteurs au kiosque d’information touristique.
K[7et +3] =1 9. o 40 _ (1-0X1-0)
o { ’ dt 1200
our= 3—Te* 40 -

= dt
(7-01-0) 1200

b) Soit X, le temps d’attente en minutes.

1
j(7 oi-0%- j1200 !
i PO<X<2) =

j (x + 2)e* dx

3- 7 -4
1 2 Décomposons —-— -~ en une somme de
= ; [-(x +3)e] (7T-01-0)
3 _176’ 0 fractions partielles.
= 3 7ed [—56'2 + 3] 1 _ A N B
=0,8090... 7-01-09 (T-0 (1-0)
douP(0 <X <£2) = 0,809 -1 1
s __ 6 .6
i) PQSX <4)= 17 [+ 39e] 7-0) (-0
—Te- 5
_ 1 . . D 1,
= g Tet v 5e?] one -[(6(7 —0) e Q) o= J1200
=0,1909...
’ 71 7- —71 1-
Qo P(2 < X < 4) = 0,191 [7-0] 1-ol= 1200
Solution2: PR < X <4) = 1-P(O < X <2) Puisque a1 = 0, 0 = 0, alors
=1-0,809 a
= 0,191 l1n7—lln1:0+C,d0ncC:lln7
\ 6 6 6
1 .
IPE <X <4)=-— 7 -0+ 3e] Ainsitm[ 122 - L, Ly o<
3 6 1-0 1200 6
Te* + 6e3
B 7 o ] 1(7 Qj L itm7
=0,0593... 1-0 200
dol P(3 < X < 4) = 0,059 (7 - QJ  Jets
1-0
4 1 4 ) .
¢) i =EX) = [ xfxdx= o [, xc+ Deax 7-0 = 7w — 7070
Calculons I = [ (x2 + 2x)e* dx. Q(Tex —1) = Tean — 17
e N [ ™\ don Q = (eﬁ—l) 0uQ=7(1—e2T'n)
u=x2+2x dv = e*dx Tew — 1 7 — e
du = 2x + 2)dx Vv =-eX
- - - b) 0(10) = 77( ei) ~ 0,0564
I =-(x2+2x)e + | (2x + 2)e-*dx 7 — e
Ve N ~N donc environ 5,64 %.
u=2x+2 dv = e*dx 7(1 = 5%)
du = 2dx Y =-eX 0(60) = m = 0,289
. AN J

donc environ 29 %.
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c) Déterminons le temps ¢, tel que C =40 %. En remplagant ¢ par 0 et P par 5000, nous obtenons
04 = 17 5| 5000k 02| _ .
7 — e 5000
28— 0,4¢31 = 7 - Tewn ainsi 51n| =02 =t+51n‘w
i 5000
6,670 = 4,2
y ( 4 2) En remplacant ¢ par 5 In 2 et P par 4000, nous obtenons
LE— i
200 6,6 51n‘ 4000k - 02| _ o\ o & ln‘ 5000k — 0,2
4,2 4000 5000
1= -2001n| 4000k — 0,2 _ 10000k — 0,4
) 4000 5000
dDO/HC f, =90 Tm“tes- 1 0 20000k — 1 = 40 000k — 1.6
éterminons le temps 7, tel que Q = o. k = 0.00003
7—Tew
06 =—— 0,00003P - 0,2 5000(0,000 03) — 0,2
7 — e Slh|——————|=t+5In
- y P 5000
4,2 — 0,6e0 =7 — Temmn
20, 0,00003P —0,2|
6,40 = 2.8 Shn| =—————=|=1+ 51n|-0,00001]|
28 5in| 227000003 511 0,00001)
200 6,4 P
f= -ZOOln(z’gj In 0,2-0,00003P - £+ln(0,00001)
6,4 P 5
donc #, = 165 minutes. = Infe!) +In (0,00001)
Ainsi 1= 165 — 90 = 1n(0.00001¢%)
d’ou environ 75 minutes. _ .
0,2 0,1(3)0003P = 0.00001¢t
20. a) Soit P la population. 0,2 = 0,000 01e5P + 0,000 03P
ar _ a(ﬁ)z _02pP 0,2 = P(0,00001e% +0,00003)
dt 2 ’ 0,2
aP? = n
= . 0,2P 0,00001es + 0,00003
.. 20000
= kP2 - 0,2P d’ou P = 31 o0
dP _
by —& =g ) > P:=t->20000/(3+exp(0.2*t));
P(kP - 0,2) 1
P:=1t— 20000
1 _A + B 3 4 (20
P(kP-0,2) P kP-0,2 > plot(P(t),t=0..40);
1= A(kP-0,2) + BP 5000 _ 20000
. 4000 3+ et
SiP =0, alors -0,2A=1, donc A=-5 3000
SiP= 0.2 , alors %B =1, donc B =5k ?ggg
k k
1020 30 40

| Sy Vap=jar
P kP-02

d) En posant P =2500 dans I’équation de P, nous obtenons

-5In|P|+5In|kP - 02| =1+ C
— 20 000
5111‘M e 2500 = 220%
P 3+e5
£ 20000
es = —_
2500
£=1n5
5
t=5In5
t = 8,05 ans

donc au début de I’an 2016 (2008 + 8).
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